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BBe^eHHe 



TonojiorHMecKa5i CTeneHb d]Rn[F,U) BeKTopHoro nojiii F : ^ no otho- 
meHHK) K OTKpbiTOMy MHO>KecTBy U C MJ^ B cjiy^ae oflHOCBHSHoro MHO>KecTBa 
Uj orpaHHHeHHoro nojio:>KHTejibHO opneHTHpoBaHHoii :>KopflaHOBOH kphboh h 
n = 2 BBeflena A. IlyaHKape h HSBecTna nofl nasBanHeM HHfleKca KpHBoft q no 
OTnomennio k nojiio F (cm. [43j, Fji. 3). A. IlyanKape ncnojibsoBaji nojiynennyio 
xapaKTepncTHKy fljisi anajinsa cyn],ecTB0BanH5i, nncjia n Tnna oco6bix ToneK flBy- 
Mepnbix aBTonoMnbix cncTeM. K neMy >Ke BOCxoflHT ocnoBnaa TeopeMa xeopnn 
TonojiornnecKOH CTenenn: ecAU d^2[F, U) ^ 0, mo e U UMeemcM oco6aM mouKa 
no.AM F H CBOHCTBO aflflHTHBnocTH TonojiomnecKOH CTenenn (nepnoe ocnonnoe 
CBOHCTBO CTenenn), nMenno, ecAU U = Ui U U2 u Ui D U2 = 0, sde Ui, U2 C 
- oniKpumue MHODtcecmea, ospanuneHHue noAODtcumeAhHO opueHmupoeaHHU- 
MU ofcopdaHoeuMU npueuMU, mo d^2[F^ U) = d^2[F^ Ui) + <iM2(F, U2) (cm. [43] . 
c. 38). TaK:«;e A. IlyaHKape flOKasaji, hto ecjin MHo:>KecTBO U coflep:«;HT npocTyio 
oco6yio TonKy (npocTon nyjib) nojiH F n flocTaTonno Majio, to \dR2(F,U)\ = 1 
(b saBncnMOCTn ot Toro d^2(F,U) = 1 njin dM.'^{F,U) = — 1 A. IlyanKape fle- 
jiaji BbiBOflbi o Tnne ocoGoii tomkh), ecAU otce e smoM uaAOM MHOoicecmee nem 
HijAeu noAM F, mo d^2[F^U) = (nTopoe ocnonnoe cbohctbo CTenenn) (cm. 
[43], c. 39). J\ji^ cjiyna^i nponsBOjibnbix OTKpbiToro orpannMennoro MHO>KecTBa 
U G M" n n G N KoncTpyKLi,n5i TonojiornnecKon CTenenn nojiynena Jl. Bpay- 
epoM [48], KTO TaKJKe ccJ^opMyjinponaji TpeTbe ocnonnoe cbohctbo Tonojiornne- 
CKOH CTenenn (npnni],nn npoflOji>Kenn5i Bpayepa) o tom, hto cmenewb dRn(^F, U) 
ocmaemcM nocmoMHHOu, ecAU o6Aacmh U u omo6pac>fceHue F nenpepueno Me- 



HMTomcM maK, umo e o6pa3 zpanuii^u dU smou o6Aacmu nmde ne nonadaem 
HyAh (cm. [48], CBOHCTBO c. 105). HaKOHeu,, >K. Jlep9 h K). Illayflep paccMOT- 
pejiH cjiyMaft, Korfla F 5iBJi5ieTC5i paanocTbio TO^KflecTBenHoro h KOMnaKTHoro 
OTo6pa>KeHHH, saflaHHbix b GanaxoBOM npocTpaHCTBe. /i^OKasbiBasi bosmo^khoctb 
annpoKCHMai],HH 9toh CHTyaLi,HH neKOTopoft KoneMHOMepHoft h Hcnojib3y5i b no- 
cjieflHeii CTenenb Bpayepa, }K. Jleps h K). Illayflep oGocnoBajiH onpeflejienHe 
CTeneHH b GanaxoBOM (6ecK0HeMH0MepH0M) npocTpaHCTBe (cm. [22], §1). 

B flHccepTaLi,HOHHOH pa6oTe Hsy^aiOTCfl bo3mo>khocth npHMeHeHH5i xeopHH 
TonojiorHHecKoii CTencHH k sa^a^aM H. V. MajiKHHa h B. K. MejibHHKOBa o 
cymecTBOBaHHH T-nepHOflHMecKHx pemenHft b chctcmc o6biKHOBeHHt.ix flH4)4)e- 
peHLi,HajibHbix ypaBHeHHH 

X = f{t,x) + £g{t,X,£), (1) 

rfle / : R X g : M x x [0, 1] ^ W - T-nepHOflH^ecKHe no 

nepBoii nepeMCHHOH HenpepbiBHbie (|)yHKi],HH h £ > - Majibm napaMCTp. K 
CHCTCMaM BHfla ([T]) npHBOflHTCH Gojibiuoe HHCJio ypaBHeHHH, OHHCbiBaiom,Hx paa- 
Hoo6pa3Hbie HejiHHeiiHbie Hpon,eccbi, b nacTHOCTH, ypaBHeHHH Ban flep IIojih, 
/]^y(J)(J)HHra, "cnnyc FopflOHa" b OTcyTCTBHH fleMncj^HpoBaHHa, njiocKoro MasT- 
HHKa, "xHn],HHK->KepTBa" npn yncTe HepHOflHHecKoro HaMenenHH KJiHMaTa. Ofl- 
Hoii H3 HanGojiee Ba»:Hbix paccMaTpHBacMbix npn stom saflan HBjiHeTC5i aaflana 
o cyn],ecTBOBaHHH b chctcmc ([T]) T-HepHOflHHecKHx pemenHft. AnajiHTHHecKne 
MCTOflbi pemeHHH HOCTaBjicHHoft saflaHH, KaK HpaBHjio, HpeflHOJiaraiOT, hto npa- 
Bbie MacTH CHCTCMbi ([T]) HCKOTopoe MHCjio pas HcnpepbiBHO flH4)4)epeHLi,HpyeMbi, 
a TaK^KC, HTO H3BecTH0 ccMeftcTBO {5^a}aga r-HepHOflHHecKHx pemennft Hopo>K- 
flaion],eH CHCTCMbi 

x = f{t,x). (2) 

OflHHM H3 OCHOBHblX aHajIHTHMCCKHX MCTOflOB 5IBJI5ieTC5I OCHOBaHHblH Ha TCOpCMe 

o HesBHOH 4)yHKn,HH MCTOfl Majioro napaMCTpa IlyaHKape (cm. B. 11. /i^eMHflOBHH 
[TT] Fjt. Ill, § 24 M. Po30 [44] Tr. 9, § 1), pasBHTHCM KOToporo ^jih pasjinn- 



Hbix CHTyaLi,HH saHHMajiHCb Jl. C. rioHTpHrHH |41) . A. A. AnflpoHOB-A. Bhtt 
P, H. r. ByjiraKOB [7], H. M. KpbijiOB - H. H. BorojiK)6oB - K3. A. MnTpo- 
nojibCKHH [33], A. M. Ka^ |l4j, H. T. MajiKHH [29] , B. K. MejibHHKOB [3l] h 
flpyrne. B pa6oTax Bcex yKaaaHHbix aBTopoB CTpoHTCsi cooTBeTCTByiomaii aa^a- 
6H4)ypKaLi,HOHHa5i (J)yHKLi,H5i M, H npeflMBjiHeTCfl ycjiOBHe o cymecTBOBanHH 
y 3T0H 4)yHKLi,HH npocToro Hyjifl Aq G A, to ecTb xaKoro MHCJia, mto Af (Aq) = 

H M'(Ao) 7^ 0. ripeHMymeCTBOM reOMeTpHMeCKHX MCTOflOB oGbIHHO 5IBJI5ieTC5I 

TO, MTO OHH paGoTaiOT B cjiy^ae, Kor^a BOSMymeHHe g Bcero jiHinb nenpepbiB- 
HO, a TaK>Ke He Tpe6yiOT Haxo>KfleHH5i npocTbix Hyjieii 6H(J)ypKaLi,H0HHbix 4)yHK- 
Li,HH. Bmccto 9Toro npeflBOJiaraeTCH HSBecTHbiM noBeflCHHe pemenHft CHCTeMbi 
([T]) c HaMajiBHbiMH ycjiOBHHMH, npHHaflJTe>Kaiii,HMH rpaHHLi,e dU Taxoro OTxpti- 
Toro orpaHHMeHHoro MHO^KecTBa U C M", fljia KOToporo yKaaaHHoe noBefleHne 
jierKO ycTaHaBjiHBaeTC5i. OflHHM h3 ochobhbix reoMeTpH^ecKHx MCTOflOB flOKaaa- 
TejibCTBa cymecTBOBaHHil T-nepHOflHMecKHx pemeHHH 5iBji5ieTC5i npHHLi,Hn Heno- 
flBHJKHoii TOMKH. HanGojiee yflo6Hoe ero npHMeHCHHe CBaaaHO c BbiMHCjieHHeM 
TonojiorHMecKOH CTenenH — P^U) neKOToporo BcnoMoraTejibHoro onepa- 

Topa P : R", HenoflBH:«;Hbie tomkh KOToporo coBnaflaiOT c Ha^ajibKbiMH 

ycjiOBHHMH T-nepHOflHMecKHx pemenHft CHCTeMbi ([T]), OTHOCHTejibno MHO>KecTBa 
[/ H c npoBepKoft 0TJIHMH5I 9Toft TonojiorHHecKoft CTeneHH OT Hyji5i. B Ka^ecTBe 
BcnoMoraTejibHoro onepaTopa HcnojibsyeTCsi onepaTop IlyaHKape Ve : M"^, 
CTaB5iiii,Hft B cooTBeTCTBHe Ka>Kfloft TOMKe ^ SHaneHHe eflHHCTBeHHoro pemeHHH 
X CHCTeMbi ([T]) c HanajibHbiM ycjiOBneM x{0) = ^ b MOMenT BpeMenn T. 

riepBan 4)opMyjia fljiH BbiHHCJieHHH TOHOJiornnecKoft CTenenn — Pe, U) 

fljiH CHCTeM THna ([T]) nojiyneHa M. A. KpacHOcejibCKHM h A. H. IlepoBbiM (cm. 
[T8] H [40]) H CBHaana c pasBHTHCM peayjibTaTa H. BepmTeftna - A. XajianaH [4]. 
Oh ocHOBan na npe/],nojio>KeHHH o tom, mto MHO^KecTBO U yflOBJieTBop5ieT ycjio- 

BHIO HeB03Bpam,aeM0CTH, to eCTb H3 rpaHHLI,bI dU STOrO MHO>KeCTBa HCX0fl5IT (b 

HyjieBoft MOMeHT BpeMenn) tojibko Taxne pemenHH, KOTopbie ne nepecexaiOT dU 
npH Bcex t G (0,r]. B 9tom cjiy^ae M. A. KpacnocejibCKHM h A. H. Ilepo- 



BbiM ycTaHOBJiena 4)opMyjia rfR"(/ — Ve^U) = — /(O, •), t/), nosBOJiHBinafl 
jierKO CMHTaTb d^n(^I — Ve^U) h flOKasbmaTb cymecTBOBaHne T-nepHOflHMecKHx 
pemeHHH p^jisi ([T]) bo MHornx aafla^ax, r^e Mexofl Majioro napaMexpa IlyaHKape 
OTBCTa He flaeT, BKjiiOHaii Bce Te, r^e 4)yHKLi,H5i g Bcero jinnib HenpepbiBHa. MoflH- 
(|)HKaLi,H5i (J)opMyjibi KpacHocejibCKoro-riepoBa fljia Tax nasbiBaeMbix m-CHCTeM 
nojiyMena 9. MyxaMaflneBbiM |38) . npn stom b jieBoft ^acTH paccMaTpHBaeMoft 
4)opMyjibi BMecTO orpaHHHeHHoro MHo:>KecTBa U 6epeTC5i neKOTopoe 6ecK0HeHH0 
6ojibmoe MHO>KecTBO. riocjieflHHM npHHLi,HnHajibHbiM pesyjibTaTOM b 3tom na- 
npaBjieHHH 5iBji5ieTC5i pa6oTa A. KaneTTO, >K. MaBena h O. SaHOjiHHa [50j, r^e 
ycTaHOBJieno, mto ecjiH CHCxeMa (ED aBTOHOMna, to p^Jisi cnpaBefljiHBOCTH 4)opMy- 
jibi KpacHocejibCKoro-IlepoBa flocTaxoMHO Tpe6oBaTb, mtoGm dU ne coflep>Kajio 
HaMajibHbix ycjiOBHH T-nepHOflHMecKHx pemeHHfi CHCTeMbi ([2]). 

BTopaH 4)opMyjia p^jisi BbiMHCJienHH TonojiorHMecKofi CTenenH d^n(^I — Ve-, U) 
nojiy^eHa }K. MaBCHOM |i64| h npeflnojiaraeT, hto f = 0. }K. MaBCH ycTaHOBHji, 
MTO ecjiH cooTBeTCTByiomHii onepaTop ycpeflHeHH5i KpbijiOBa-BorojiK)6oBa- 
MHTponojibCKoro neBbipo^Kflen na dU, to (iRn(/ — Ve-,U) = (iMn( — [/), ne 
CM0TP5I Ha TO, MTO d^n{^I —Vq., U) flji5i paccMaTpHBaeMOH CHCTeMbi He OHpeflejieno. 
IlojiyMeHHaH 4)opMyjia nosBOJiHJia flOKaaaTb cyn],ecTBOBaHHe T-nepHOflH^ecKHx 
pemeHHH bo mhofhx Taxnx CHCTeivrax, r^e ycjiOBHs anajiHTHHecKHx MeTOflOB 

A. A. AnflpoHOBa, H. F. ByjiraKOBa, H. M. KpbijiOBa, H. H. Borojiio6oBa h 
K). A. MnTponojibCKoro ne BbinojineHbi. BapnanTbi yKasanHoii 4)opMyjibi fljiH 
pasjiHHHbix cjiynaeB, b KOTopbix ycjiOBHs >K. Manena ne BbmojineHbi, HOjiynenbi 
M. H. KaMeHCKHM fl2] na ocHOBe TeopeMbi KpacHocejibCKoro-KpeftHa [17] (cm. 
TaK>Ke [H], Fji. V, § 3) o npeflejibHOM nepexofle HOfl snaKOM HHTerpajia. Paa- 
BHTHe nocjieflHeii TeopeMbi flji5i cncTeM c HacjieflCTBeHHOCTbio cflejiano b pa6oTe 

B. B. CTpbiriina [46], mto nosBOJiHjio o6ocHOBaTb (J)opMyjiy MaBena h flji5i TaKHx 

CHCTeM. 

H. A. Bo6bijieB h M. A. KpacnocejibCKHH saMeTHjiH [6], mto hh oflna hs 
paccMOTpeHHbix 4)opMyji ne flaeT reoMeTpH^ecKoro MeTOfla pemeHHH aafla^ 



H. r. MajiKHHa |29) h B. K. MejibHHKOBa |31) o cymecTBOBaHHH fljiH CHCTeMbi 
(jl]) T-nepHOflHMecKHx pemeHHii c HanajibKbiMH ycjiOBHSMH, npHHafljie>Kaiii,HMH 
OKpecTHOCTH T-nepHOflHMecKoro Li,HKjia x nopo^Kflaromeft CHCTeMbi (I2D b cjiy^ae, 
Korfla nocjieflH5i5i aBTOHOMHa (H. F. MajiKHHbiM paccMaTpHBajicsi cjiyMaii h30- 
jiHpoBaHHoro Li,HKjia x, a B. K. MejibHHKOBbiM cjiyMaft, Korfla i],hkji x Bjio^Ken b 
HeKOTopoe ceMeiicTBO li,hkjiob nopo^KflaiomeH CHCTeMbi). YKasaHHoe saMe^aHHe 
o6ycjiOBjieHO tcm, hto BbiGnpaii MHo:>KecTBO U jie:«;aiii,HM b OKpecTHOCTH li,hk- 
jia X H yflOBjieTBop5iK)iii,HM ycjiOBHHM HeBOSBpamaeMOCTH, KaK npaBHjio, HMeeM 
paBCHCTBO (iM"(— /(O, •)tU) = 0. HcnojibsoBaHHe (J)opMyjibi Mabena bo3mo]«- 
HO TOJibKO npH flonojiHHTejibHOM npeflnojiojKeHHH o tom, mto CHCTeMa ([T]) npn- 
BOflHTCfl K TaKOH T-nepHOflHMecKOH CHCTeMe THna ([T]), b KOTopoft / = (cm. 
K. niHafiflep [71]). riocjieflHee bo3mo>kho b eflHHCTBeHHOM cjiy^ae, Korfla CHCTe- 
Ma ([2D, jiHHeapH30BaHHa5i na x, HMeex tojibko T-nepHOflH^ecKHe pemenHH, mto 
ecTecTBeHHbiM oGpasoM BbinojiHeHO jinnib fljisi jiHHeiiHbix cncTeM ([2]). BosHHKaeT 
ecTecTBeHHa5i npo6jieMa: paspaGoTaTb (J)opMyjibi BbiMHCjieHH5i TonojiorHMecKoii 
CTeneHH tiR"(/ — Ve, U) fljia 6ojiee mnpoKHx KjiaccoB MHO>KecTB U h nopo>Kfla- 
lomHx CHCTeM (2), KOTopbie nosBOjiHjiH 6bi nojiyMHTb reoMeTpHHecKne MeTOflbi 
pemeHHfl aafla^ H. T. MajiKHna h B. K. MejibHHKOBa c oflHoft CTopoHbi h npeBpa- 
majiHCb 6bi B 4)opMyjibi KpacHOcejibCKoro-riepoBa h MaBena b paccMOTpeHHbix 
HMH CHTyaLi,H5ix c flpyroH CTopoHbi. Bo3Mo:»<;HbiH BapnaHT pemeHH5i c4)opMyjiH- 
poBaHHOH npo6jieMbi npefljiaraexcH b HacTOflmeft flHccepTaLi,HOHHOH pa6oTe. 

AKTyajibHOCTb paspaGoTKH yKaaaHHbix reoMeTpH^ecKHx aHajioroB CB5i3aHa 
eme H c TCM, MTO Li,ejibiH pflfl nojiyMeHHbix b nocjieflnee BpeMH MaTeMaTH^ecKHx 
MOflejieii npHBOflHT k cncTeMaM ([T]), b KOTopbix (J)yHKLi,H5i g He flH4)4)epeHLi,H- 
pyeMa, nanpHMep, acHMMeTpHMecKHfi oci];hjiji5itop E. H. JXancepa [52], MOflejib 
K0Jie6aHHH noflBecHbix moctob A. C. Jlasepa-Il. J\yK. MaKKenna |59) h flpyrne. 

/]^HCcepTaLi,H5i cocTOHT H3 Tpex TjiaB. B nepBoii rjiaBe paccMaTpHBaeTC5i cjiy- 
Maft, Korfla CHCxeMa ([T]) HMeex bh^ 

X = f(x) + eg(t,x,e), (3) 



H npeflnojiaraexcH, mto rpaHHLi,a dU MHO^KecTsa U C MJ^ coflepjKHT KoneHHoe 
MHCjio HaMajibHbix ycjiOBHH T-nepHOflHMecKHx pemeHHH aBTOHOMHofi nopo>Kfla- 
lomeft CHCTeMbi 

x = f{x). (4) 

CnaHajia paspaGaTbiBaeTca 4)opMyjia fljia BbmHCJienHH TonojiorHMecKoft CTenenH 
— Pe, t/) onepaTopa IlyaHKape Ve CHCTeMbi (IHD, saxeM flaiOTCH npHjio>Ke- 

HH5I 3T0H (J)OpMyjIbI K SaflaMC O CymeCTBOBaHHH B CHCTCMe ([3]) T-nepHOflHMeCKHX 

pemeHHH c HpHHaflJie>Kan],HMH MHO^KecTBy U HaHajibHbiMH ycjiOBH^MH. Xoth npn 
9T0M npeflnojiaraeTC5i, mto onepaTop IlyaHKape Ve flji5i paccMaTpHBaeMoii CHCTe- 
Mbi onpeflejien npn Bcex flocTaTOHHO Majibix e > (to ecTb BbinojiHeno ycjiOBHe 

(A-p) eflHHCTBeHHOCTH H npOflOJIJKHMOCTH Ha BCK) OCb pemeHHH B03Myn],eHH0H CH- 
CTeMbi c jiK)6biM HanajibKbiM ycjiOBneM), b rjiaBe flaiOTC5i anajiorH nojiyHeHHbix 
TeopeM fljiH cjiyHa5i, Korfla yKasannoe npeflHOJio^KeHHe ne BbmojiHeno. B 3tom 
HOCjieflHeM cjiy^ae BMecTO onepaTopa IlyaHKape Ve HcnojibsyeTca HHTerpajib- 
HbiH onepaTop 

t t 
{Qex){t) = x{T) + J f{x{r))dr + e J g{r,x{r),£)dT, te [0,r], 



H BMecTO TOHOjiOTHMecKOH CTeHeHH Bpayepa d^n(^I — Ve^U) - TOHOjiorHMe- 
CKa5i CTeneHb Jleps-Illayflepa <ic([o,T],M")(-^ ~ Qej^u)', r^e MHO>KecTBO Wu G 
C([0, r],M") BbiGnpaeTCfl TaKHM oGpasoM, htoGbi MHO>KecTBa U h Wjj HMejin 
TaK HasbiBaeMyio o6m,yio cepflLi,eBHHy (cm. [21], Tji. 3, § 24) no OTHomeHHio k 
T-nepHOflHHecKHM pemeHH5iM CHCTeMbi ([3]). 

OcHOBHbiM orpaHHHeHHeM, HcnojibsyeMbiM b rjiaBe 1, 5iBji5ieTC5i npeflnojio:>Ke- 

HHe O TOM, MTO Ka>KflbIH T-nepHOflHneCKHH LI,HKJI X CHCTeMbi (jll) c HanajibHbiM 
yCJIOBHCM H3 dU 5IBJI5ieTC5I HpOCTbIM, TO CCTb ajireGpaHHCCKafl KpaTHOCTb Myjlb- 
THHJIHKaTOpa +1 CHCTCMbl 

y = fim)y (5) 

paBHa 1, MTO cooTBCTCTByeT Tpe6oBaHH5iM pa6oTbi H. F. MajiKnna [29]. B flHC- 



cepTaLi,HH noKaaano, mto BKjiafl Ka^Kfloro TaKoro Li,HKjia b BejiHMHHy TonojiorHMe- 
CKOH CTeneHH dRn(/ — Ve^U) Mo:>KeT 6biTb nocMHTaH (TeopeMa 1.4) npn noMomH 

COOTBeTCTByiOmHX 6H4)ypKaLI,HOHHbIX 4)yHKLI,HH MaJIKHHa 

T 

M^(^) = sign (5^(0), z(0)) j {z{r),g{r-e,x{r),0))dT, 



rfle 'z - npoHSBOJiBHoe neTpHBHajiBHoe T-nepHOflH^ecKoe pemeHHe CHCTeMbi 
i = —{f'^{x{t))yz. B cjiy^ae, Korfla dU He coflep^KHT Ha^ajibKbix ycjio- 
BHH T-nepHOflHMecKHx Li,HKjioB CHCTeMbi (IH) , ycTaHOBjieHHafl B TeopeMe 1.4 
(|)opMyjia ( 11.601) fljin BbmHCJienHH d^n(^I — Ve^U) coBnaflaeT c cjDopMyjioii 
KpacHOcejibCKoro-IlepoBa. OflHaKO, b noKpbiBaeMOM TeopeMoii 1.4 Kjiacce mho- 
>KecTB U y>Ke HMeiOTCH xaKHe, HcnojibsoBaHHe KOTopbix b 4)opMyjie ( 11.601) nosBO- 
ji5ieT nojiyMHTb reoMeTpHMecKHii BapnaHT pemeHH5i aafla^H M. F. MajiKHHa [29] 
o cymecTBOBaHHH T-nepHOflHMecKHx pemenHft b CHCxeMax ([3]) b6jih3h Li,HKjia x 
(xeopeMa 1.6), KOTopoe, corjiacno saMenaHHio BoGbijieBa-KpacnocejibCKoro, ne 
Mo:>KeT 6biTb nojiyMeHO Ha ocHOBaHHH 4)opMyjibi KpacHOcejibCKoro-IlepoBa. 

Bo BTopoH rjiaBe paccMaxpHBaiOTCfl CHCTeMbi o6iii,ero BH^a ([T]) b npeflnojio- 
:>KeHHH, MTO Vo{^) = ^ flji5i jiio6oro ^ G dU. OKa3biBaeTC5i (TeopeMa 2.2), bbi- 
nojiHeHH5i yKaaaHHoro npeflnojio^KeHHsi flji5i cnpaBefljiHBOCTH 4)opMyjibi MaseHa 
flocTaTOMHO (h3 ycjiOBHH MaBena cjieflyeT, mto Vo{^) = ^ fljin jiK)6oro ^ G M"), 
ecjiH TOjibKO Tax HasbiBaeMbiH o6o6iii,eHHbiH onepaTop ycpeflHeHH5i : MJ^ 
neBbipo^Kflen na dU npn Bcex s G [0, T]. Onepaxop BnepBbie yKaaan b 
pa6oTe M. H. KaMeHCKoro-0. K). MaKapeHKOBa-Il. HncTpn |[i3j h coBnaflaeT 
npH s = T c KjiaccHHecKHM onepaTopoM ycpeflHeHH5i KpbijiOBa-BorojiK)6oBa- 
MHTponojibCKoro, Bxofl5iiii,HM B (\)opMjjiy MaBena. PacnpocTpanenHe 4)opMyjibi 
MaBena Ha Taxoii snaHHTejibHO 6ojiee mnpoKHii Kjiacc MHO>KecTB U nosBOjiHjio 
nojiy^HTb HOBbie TeopeMbi o cymecTBOBanHH flji5i CHCxeMbi ([T]) T-nepHOflH^ecKHx 
pemeHHH b6jih3h dU (TeopeMbi 2.4, 2.5 h 2.6). IlpH stom, b TeopeMax 2.5 h 
2.6 paccMaTpHBaeTC5i cjiyMaii cncTeMbi ([3]), saflaHHoft b npocTpancTBe M^, h b 
KanecTBe MHO>KecTBa U 6epeTC5i BHyTpeHHOCTb T-nepHOflH^ecKoro Li,HKjTa x cm- 



CTCMbi (jH). yKasanHbiH Bbi6op MHOJKecTBa U BMecxe c flOKasaHHoii b rjiaBe 2 
(|)opMyjiOH flji5i flaiomeii pasjio^KeHne BexTopa ^^{x{t)) no BCKTopaM 

x(t) H y{t) (jieMMa 2.4), r^e y - jiHHeftHO neaaBHCHMoe c x pemenHe CHCTeMbi 
(j5]), nosBOjiHji nojiynHTb reoMeTpHHecKHii mctoa pemeHH5i aaflann B. K. Mejib- 
HHKOBa (TeopeMa 2.6). Oahhm h3 npeHMymecTB nojiyMenHoro Mexofla, no cpaB- 
nennio c MCTOflOM MejibnnKOBa, 5iBji5ieTC5i to, nxo on flaex cyn],ecTBOBanne flJiH 
B03Mym,ennoH cncTeMbi ([3]) flByx T-nepnoflnnecKHX pemennii, jie:>Kan],HX no paa- 
nbie CToponbi ot nopo>Kflaion],ero Li,HKjia x. PaGoxa npefljio>Kennoro Mexofla npo- 
njijiiocTpnpoBana na npnivrepax ypaBnenn5i /]^y(J)(J)nnra (nprnvrep 2.1), cncTeMbi 
rpnncnana-XojiMca (npnivrep 2.2) n oflnon ero MOfln(J)nKaLi,nn, b KOTopon nopo>K- 
flaioni,HH Li,nKji x Bbipo>Kflen b tom CMbicjie, nTO Bce pemennfl cncxeMbi (ED sib- 
ji5noTC5i T-nepnoflHnecKnMH (nprnvrep 2.3). Ilpn stom flji5i Bbinncjienna CTenenn 
(i]R2(— U) HcnojibsyeTCH paapaGoxannbin b stoh >Ke rjiane MCTOfl, CBHsannbin 
c neKOTopbiMn npeflnojio>Kenn5iMn Tnna neTnocTH nojisi ncnojibsyeMbiMH b 
TeopeMax BopcyKa-YjiaMa |47| . 

B TpeTben rjiane naynaiOTCH CBoiicTBa T-nepnoflnnecKnx pemennii B03Myn],en- 
nbix CHCTeM ([I]) H (j3]), CBsisannbie co CKopocTbio nx cxoahmocth npn e ^ 0. 

riycTb {eA;}A;GN ^ cxofl5m],a5iC5i K nyjiK) nocjieflonaTejibnocTb snanennn na- 
paMeTpa cncTeMbi ([T]) n {xk}keN ^ cooTBeTCTByion],a5i nocjieflOBaTejibnocTb T- 
nepnoflnnecKHX pemennii SToii cncTeMbi Taxaii, hto 

Xk{t) x{t) npn k (X), (6) 

rfle X - T-nepnoflnnecKoe pemenne nopo>KflaK)m,eii cncxeMbi ([2]). OGosnannM 
nepes n(-,io?0 pemenne x nopo>KflaK)m,eii cncTeMbi ([2]) TaKoe, mto xito) = 
^. /]^OKa3anna5i b rjiaBe 3 ajibTepnaTnna (TeopeMa 3.1) yTBep>KflaeT, mto jin- 
6o nanajibnbie ycjiOBna T-nepnoflnnecKnx pemennii cncTeMbi ([T]) cxoflflTca 
K nanajibnoMy ycjionnio x(0) nopo>Kflaiom,ero pemennn x Bflojib njiocKOCTn 
|/ G : ^Q'^3^(r, 0, x(0)) — / = o| , jin6o cxoflnMOCTb nivieeT CKopocTb e > 
0. Ilpn 3T0M, B nocjieflneM cjiynae onncanne noneflenna pemennii Xk npn /c ^ oo 



MO>KeT 6biTb yTOMHeno na ocHOBaHHH o6o6iii,eHHoro onepaTopa ycpeflHenHH 

EcjiH 4)yHKLi,H5i g HenpepbiBHO flH(J)(J)epeHLi,HpyeMa, h cbohctbo (Ej) nojiyMeHO 
npHMeneHHeM TeopeM H. F. MajiKHna |29) . to cxoahmoctb b (I6D co ckopoctbk) 
£k y^e rapaHTHpoBana, h TeopeMa 3.1 HH^ero HOBoro He flaeT. OflHaKO, ecjin 
(|)yHKi],H5i g Bcero jiHint nenpepbiBHa, hjih cbohctbo ([6]) HOJiyneno hhbimh mcto- 
flaMH, nanpHMep, MCTOflOM MejibHHKOBa |31) hjih npn HOMon],H TeopeM rjiaB 1 

H 2, to TeOpeMbI O CKOpOCTH CXOflHMOCTH B (j6]) B JIHTepaType OTCyTCTByiOT, H 

TeopeMa 3.1 nacTHHHO saHOJiH^eT 3tot npoGeji. riojinbiH OTBeT o6 acHMHTOTHKe 
paccT05iHH5i ueyKfl^Y TpaeKTopH5iMH pemeHHH Xk n x b cjiy^ae, Kor^a 4)yHKH,H5i 
g nenpepbiBHa, flaeT TeopeMa 3.2 o6cy>KflaeMOH rjiaBbi, ho b Hocjieflneii TeopeMe 
flOHOJiHHTejibHO HpeflHOJiaraeTCH, hto cncTeMa ([I]) HMeeT bh^ (IHD, h a: 5iBji5ieTC5i 
npocTbiM Li,HKjiOM. IlpH 3T0M oflHO H3 cjieflCTBHH TeopeMbi 3.1 (cjieflCTBHe 3.7) 
flaeT ycjiOBHH, npn KOTopbix paccTOHHHH Me^Kfly TpaeKTopHHMH pemeHHH h 

X CTpeMHTC5I K HyjIK) CO CKOpOCTblO GojIbHiefi, MCM Efc. 

Ka>Kfla5i rjiaBa saBepmaeTca conocTaBjieHHCM nojiyMeHHbix yTBep^KfleHHH c 

HMeiOII],HMHC5I B JIHTCpaTypC. 

PeayjibTaTbi flHCcepTaLi,HOHHOH pa6oTbi flOKjiaflbiBajincb na cjieflyioiii,Hx ce- 
MHHapax: aKaflCMHKa JJ^. B. Anocona h Hpo(|)eccopa K). C. Hjib5imeHK0 (MaTC- 
MaTHMCCKHH HHCTHTyT HM. B. A. CTCKjiOBa PAH, 2006), npo(|)eccopa >K. Ma- 
BCHa (yHHBepcHTeT r. JleyBCH-jia-HyoB, Bejibrnsi, 2005), npo4)eccopa 11. Hh- 
CTpn (ynHBepcHTCT r. CneHbi, HTajiHii, 2005), Hpo(|)eccopa A. H. llepoBa (BFY, 
BopoHe:>K, 2005), npo{|)eccopa H. Xnpano (yHHBepcHTeT r. HoKoraMbi, 51no- 
HHH, 2004), HOLI^ "BojiHOBbie Hpon,eccbi b neoflHopoflnbix h HejinneftHbix cpe- 
flax"(Bry, BopoHe:*;, 2004), a TaK:>Ke Ha cjieflyioii],Hx Me>KflyHapoflHbix koh- 
4)epeHLi,H5ix: Barcelona Conference in Planar Vector Fields (Bapcejiona, Hcna- 
HHH, 2006), "CoBpeMeHHbie Hpo6jieMbi npHKjiaflnoH MaTCMaTHKH h MaTCMaTH- 
necKoro MOflejiHpoBaHH5i"(BopoHe:>K, 2005), "Trends in Differential Equations 
and Dynamical Systems" (Pefl>KHO 3MHjib5i, HTajinn, 2005), "12th International 
Workshop on Nonlinear Dynamics of Electronic Systems" (Ebopa, IlopTyra- 



JIH5I, 2004), "International Symposium on Dynamical Systems Theory and Its 
Applications to Biology and Environmental Sciences" (XaMaMaTcy, 5InoHH5i, 
2004). 

PIccjieflOBaHH5i, BKjiiOMeHHbie B HacT05m],yio flHCcepTaLi,Hio, noflflep:>KaHbi rpan- 
TOM POOH JY^ 05-01-00100, a TaK>Ke rpanxoM fljia MOJioflbix yMacTHHKOB npo- 
CKTa VZ-010 "BojiHOBbie npoLi,ecct.i b HeoflHopoflHbix h HejiHHeftHbix cpe^ax" 
MHHo6pa30BaHH5i PO h CRDF (CIIIA). 

OcHOBHbie pesyjiBTaTBi flHccepTaLi,HH onyGjinKOBanbi b paGoxax |13) , |24)-|28), 
[56], [6l]-[63|. Hs coBMecTHbix pa6oT [13|[56] b flHCcepTau,Hio bohijih tojibko npn- 
Hafljie>Kan],He MaKapenKOBy O. K). peayjibTaTbi. 

Abtop Bbipa^KacT rjiyGoKyio GjiaroflapnocTb CBOCMy Hay^HOMy pyKOBOflHTCJiio 
npo(J)eccopy KaMcncKOMy Mnxanjiy HropcBH^y sa nocTanoBKy aafla^H, o6cy:>K- 
flCHHe peayjibTaTOB h opraHH3au,HK) paGoTbi nafl flHccepTaLi,HeH. 



FjiaBa 1 



Bo3Myiii,eHHa CHCxeM, y KOTopbix 
nepeceneHHe MHo:>KecTBa HanajibHbix 
ycjiOBHH T-nepHO^HMGCKHx pemeHHH h 
rpaHHij,bi HeKOToporo OTKpbiToro 
MHo:>KecTBa U C kohghho 

B HacToameii rjiase HCCJieflyeTca cymecTBOBaHne T-nepHOflnnecKHx pemeHHii b 
CHCTeMax BHfla 

X = f{x) + £g{t,x,£), (1.1) 

HanajibKbie ycjiOBHa KOTopbix npHHa^Jie^KaT TaKOMy OTKpbiTOMy orpaHHHeHHOMy 
MHo:acecTBy U C M"', rpaHHLi,a KOToporo coflep:»<;HT KOHenHoe hhcjio HanajibKbix 
ycjiOBHH T-nepHOflHHecKHx pemeHHii nopo^KflaiomeH CHCTeMbi 

x = f{x). (1.2) 

Ha npoT5i»ceHHH Bceii rjiaBbi, ecjiH flpyroe ne oroBopeno flonojiHHTejibHO, 
npeflnojiaraeTca, hto / : M"" - HenpepbiBHO flH4)4)epeHLi,HpyeMa5i h 

g : X x [0, 1] - nenpepbiBHaa 4)yHKLi,HH. PaspaGoTKe MCTOflOB pemenHa 
c4)opMyjiHpoBaHHOM saflaMH h hx npHjio:>KeHH5iM npeflnomjieM HCKOTopbie onpe- 
flejieHHH H CBOHCTBa, KOTopbie 6yflyT MHoroKpaTHO HcnojibsoBaTbca Ha npoT5i- 
>KeHHH SToii H nocjieflyiomHx rjiaB. 



1.1 IIpe^BapHTejibHbie CBe^eHna 



1.1.1 OcHOBHfcie o6o3HaHeHH5i. Mepea Omxk oGosHanaeTCsi HyjieBaii mxk- 
MaTpHLi,a H Mepes (ai, a^), r^e ai G M™, - m x A;-MaTpHLi,a, CT0Ji6Li,t.i KOTopoft 
cyTb BeKTopbi ai, ...,afc. BBefleHHoe o6o3HaMeHHe b HacT05iiii,eH flHCcepTaLi,HH He 
npHBOflHT K nyTaHHLi,e c oGosHaneHHeM HHTepBajia (^1,^2), r^e ^1,^2 G Bcio- 
fly (■) ■) ^ oGbiMHoe CKaji5ipHoe npoHSBeflenHe b M". Ecjih ^ G h ii' C - 
KOMnaKTHoe mho^kcctbo, to p{^, K) - paccT05iHHe ot ^ flo i^", to ecTb p{^, K) = 
mm.(^(zK \\i — Cll • C'([0, r], M"^) - 9to npocTpancTBO Bcex Henpept,iBHt.ix 4)yHKLi,HH, 
fleiicTByiomHx h3 [0, T] b M" c nopMoii ||x|| = max ||x(t)||. OyHKLi,H5i o(e), hc- 
nojibsyeMaa b HacTOiimeH flHCcepTaLi,HOHHOH pa6oTe, o6jiaflaeT Bcerfla tcm cboh- 
CTBOM, mto o(e)/e ^ npn £ ^ 0. HpH stom, (]3yHKLi,H5i o mojkct saBHceTb h 
OT flpyrnx nepeMeHHbix, Taxne nepeMeHHbie b aanncH o onycKaroTCii, ecjin yxa- 
saHHafl cxoflHMOCTb K HyjiK) HMeeT MecTO paBHOMepHO no hhm. Mepea B^iy) 
o6o3HaHaeTC5i (5-OKpecTHOCTb MHO>KecTBa V, a nepea dV - ero rpaHHLi,a b nopivre 
coflepjKamero V npocTpaHCTBa. Ecjih f : V ^ Vi - neKOTopasi 4)yHKLi,H5i, to 
fiy) = U^ey/(^) H /^'j^ - npoH3BOflHa5i (J)yHKLi,HH / HO z-H nepeMeHHOH. Tot 
4)aKT, HTO paBCHCTBO /(^) = ^ cnpaBefljiHBO npH Bcex ^ ^ V sanncbiBaeTCii 
KaK /(^) = ^, ^ G y. SanHCb {^1,^2} osnanaeT mho^kcctbo, cocT05iiii,ee h3 flByx 

SJieMCHTOB ^1 H ^2- 

1.1.2 OcHOBHfcie onpe^ejieHHa h CBoiiCTBa. PaccMOTpnM cncTeMy o6biK- 
HOBeHHbix flH4)4)epeHLi,HajibHbix ypaBHeHHH 

x = F{t,x), (1.3) 

rfle F : M X ^ R"^ - HenpepbiBHasi {i)yHKLi,H5i. 

HeKOTopbie h3 npHBOflHMbix HH>Ke onpeflejieHHH HaMenenbi bo BBeflenHH, ceft- 
Mac OHH (J)opMyjiHpyK)TC5i CO Bceii CTporocTbio (cm. M. A. KpacHOcejibCKHii |20)). 

Onpe^ejieHHe 1.1 Ecau pemenue x^^^ cucmeMu (il.Sl) c HanaAbHUM ycAoeueu 
^tneito) = ^ cymecmeyem, eduHcmeeuHO u npodoAcucuMO na ompeaoK [0,r] npu 



ji'K)6ux to G [0, r] u ^ G M"^, mo onepamop onpedeAMeMUU dAM, (t^to,^) G 
[0, T] X [0, T] X Kfljc 

naaueaemcsi onepamopoM edema no mpaeKuiopuMM cucmeMU (il.Sl) . 

Onpeflejienne 1.2 Ilycmh npaeaM uacmb cucmeMU jil.Sl) T-nepuoduuna no 
nepeou nepeMeuHou. Ecau pemenue x cucmeMU (il.Sl) c nanaAhHUM ycAoeu- 
eu x{to) = ^ cymecmeyem, eduncmeeHHO u npodoAomuMO na ompeaoK [0, T\ 
npu AK)6ux ^0 £ [0, r] M ^ G M", mo onepamop 

Haaueaemcji onepamopoM UyaHKape T -nepuodunecKou cucmeMU jil.Si) . 



Onpe^ejieHHe 1.3 Ecau cucmeua ( fi.51 ) ^eAMemcM T -nepuodunecKou, mo uh- 
mespaAhHUM onepamopoM, coomeemcmeywtu^UM aadane o T -nepuodunecKux pe- 
Sam ( Ij./yij . nasueaemcM onepamop Q : C{[0,T],W^) C([0,r],M"), 



sadaeaeMUU nan 



{Qx){t) = x{T) + J F{r,x{r))dT. 







Onpeflejienne 1.4 T -nepuodunecKue pemenuM, T -nepuoduuecKou cucmeMU 
lil.3[) 6ydeM omoDrndecmeAfimh c HenodeujfcnuMU monnaMU unmegpaAtHoso 
onepamopa, coomeemcmeyww^edo aadaue o T -nepuoduuecKux pemenuMX Bam 

HanoMHHM, HTO TpaeKTopneii pemeHHii x CHCTeMbi (11.31) HasbisaeTra oGpas 
OTo6pa>KeHH5i x : M ^ (cm. B. H. Apnojibfl [2], c. 11). 

CncTeMaTHMecKH 6yfleT Hcnojib30BaTbC5i HH^Kecjieflyiomaii jieMMa fLTl CB5i3aH- 

Ha5I C BOaMymeHHOH CHCTeMOft 

X = f{t,x) +£g{t,x,£), (1.4) 



rfle / : M X M" ^ M" - nenpepbiBHO flH4)4)epeHLi,HpyeMa5i h 5^ : M x M" x 
[0, 1] - HenpepbiBHaa (J)yHKLi,HH, e > - napaMCTp. npeflnojio:>KHM, mto 

fit + = H 9it + = flJiH Bcex t G M, ^ G H 

e G [0,1]. riycTb Q - onepaTop cflBHra no TpaeKTopH5iM cncTeMbi (11.41) npn 
£ = 0. 

JleMMa 1.1 0yHKii)UM x G C([0,r],M"') jieAMemcM T -nepuodunecKUM pemenu- 
eu cucmeMU lj[1.4\) rnosda u moAtKO mozda, Kosda cfiyHKU^UA 



v{t) = Q(0,t,x(t)), t G [0,r], (1.5) 

MBAMemcM pemenueM cucmeMU 

V = £Q;3)(0, i, n{t, 0, u))g{t, n{t, O, z/), e), 

ydoeAem6opMwui,UM ycAoeum z/(0) = Q(r, 0, z/(r)). 

^OKasaTejibCTBO. IlpoHSBefleM b CHCxeMe (11.41) saMeny nepeMennbix 

x{t) = n{t,0,iy{t)). (1.6) 

OopMyjia (11.61) Ka>KflOMy 1/ G C([0, r],M") CTaBHT b cooTBeTCTBHe x G 
C([0, r],M'^) roMeoMop4)HO, h o6paTHoe OTo6pa:>KeHHe flaeTC5i (|)opMyjiOH (11.51) . 
CjieflOBaTejibHO, 4)yHKLi,H5i x 5iBji5ieTCii pemeHHeM cncTeMbi (11.41) Tor^a h TOjibKO 
Torfla, Korfla (|)yHKLi,H5i z/, BBefleHHaa no saxony (11.51) . yflOBJieTBopaeT cjieflyio- 
ui,eMy paBencTBy 

n[,^{t, 0, iy{t)) + n[^^{t, 0, iy{t))i>{t) = eg{t, n{t, 0, iy{t)),£) + 

+/(t,Q(i,0,z/(^)))- (1-7) 

no onpeflejiennio {]3ynKLi,HH Q, HMeeM 

n[,fi,0,iy{t)) = f{t,n{t,0,iy{t))). (1.8) 
Ilojibsyiicb cooTHomenneM (11.81) . cncTeMa (11.71) Mo:>KeT 6biTb nepenncana b BHfle 



z>(t) = snUO, t, n(t, 0, iy(t)))g(t, Q(t, 0, iy(t)),e). (1.9) 



PaccMOTpHM npoHSBOJibHoe T-nepHOflHMecKoe pemenHe x CHCTeMbi (I1.4I) . HivieeM 
z/(0) = Q{0, 0, x{0)) = x{0) = x{T) = n{T, 0, u{T)). 
JleMMa flOKaaaHa. 



1.2 CBa3b (J)yHKLi,HH MajiKHHa h TonojiorHHecKoii cxe- 
neHH onepaxopa, cooTBexcTByiomero 3a/i,aHe o T- 
nepHO/i,HMecKHx pemeHHax c HanajibRbiMH ycjiOBHaMH 
B U 

riycTb n - onepaTop CflBHra no TpaeKTopnaM CHCTeMbi ( II .21) . OcnoBHoe npeflno- 
jio>KeHHe HacT05iiii,eH rjiaBbi cjieflyiomee: 

(^40) MHOJKeCTBO 

6^= U {xGC([0,r],R"):x(t) = n(t,0,O, t E %T]} 
KonenHO, H fljiH Ka>Kfloro x G ajireGpaHHecKaa KpaTHOCTb MyjibTHnjiHKaTopa 

+ 1 CHCTeMbi 

y = f'Mt))y (1-10) 

paBHa 1. OflHaKO p5ifl TCopcM Ha nyTH k ocHOBHOMy peayjibTaTy npeflnojiaracT 
6ojiee cjia6bie ycjiOBHH. 

ripeflnojio^KeHHe (^40) xapaKTepno fljia cjiynaa, Korfla U 5iBji5ieTC5i OKpecT- 

HOCTbK) B MJ^ HeKOTOpOH TOMKH x{9) H30JIHpOBaHHOrO Ll,HKJia X CHCTCMbl (11.21) . 

noflpoGno HsynenHoro H. F. MajiKHHbiM b [29j. B HacTOHmeft rjiaBC 6yfleT, b 
MacTHOCTH, ycTaHOBjiCH pafl o6o6iii,eHHH pesyjibTaTa H. F. MajiKHHa. 



Onpe^ejieHHe 1.5 L(ukau x nopoQfcdamm,eu cucmeMU ( fi.^ ) manue, nmo aji 



2e6pauHecKaM, KpamHocmh MyAhmunAUKamopa +1 auhcuhou cucmeMU jil.lOi) 
paena 1, 6ydeM naaueamh npocmuMU. 



riycTb Qe '. C([0, rjjM"^) C([0, r],M") - HHTerpajibHbra onepaxop, coot- 
BeTCTByiomHii aafla^e o T-nepHOflHHecKHx pemeHHsix flji5i cncTeMbi ( 11.11) . h 

Wu = {x e c([o,r],M") : n(o,t,x(i)) G t/, i G [o,r]}. 

KajKflOMy npocTOMy Li,HKjiy a: MO>KeT Gmtb nocTaBjiena b cooTBeTCTBHe 6H(|)yp- 
KaLi,H0HHa5i (J)yHKLi,H5i MajiKHHa (cm. |29) . (J)opMyjia 3.13) 

T 

Mj(^) = sign (5^(0), z(0)) j mr),g{r-e,x{r),0))dr, (1.11) 



rfle 'z - npoHSBOjibHoe HeTpHBHajibHoe T-nepHOflHHecKoe pemeHne cncTeMbi 

z = -{f'MtW^- (1-12) 

Bciofly RRTKe Mepes P{x) o6o3HaMaeTC5i mhcjio, paBHoe cyMMe KpaTHOCTeii 6ojib- 

niHX +1 MyjIbTHnjIHKaTOpOB CHCTeMbI (11.101) . 

JXjisi fl0CTH>KeHH5i ocHOBHoro pcsyjibTaTa rjiaBbi TeopeM 1.3-1.4 HaM noHaflo- 
6htc5i p5ifl BcnoMoraTejibHbix yTBep:>KfleHHH, KOTopbie, oflHaKO, MoryT HMCTb ca- 
MOCTOHTejibHbiH HHTepec fljifl TeopHH TonojiorHMecKOH CTeneHH. IlepBoe h3 hhx 
cjieflyioinee. 

TeopeMa 1.1 nycmt x - npocmou T -nepuoduuecKuu v^uka cucmeMU (il.^) . 

u — - HauMewbumu nepuod %uk- 
Aa X. IIpednoAODicuM, nmo Mx{Oi) u Mj(^2) 7^ 0. Tozda Oam sadauHozo 
a > cymecmeyem Sq > u ceMeucmeo omKpumux MHOofcecme {Vs}se{o,SQ]^ 
ydoeAemeopATOiUfUX ceoucmeaM: 

1) x{{ei,e2)) cVs c Bs{x{{ei,e2))), 

2) dVsnx{[ei,e2]) = {x{ei),x{e2)}, 

maKue, nmo Basl ak>6o2o 6 G (0, ^o] u A'fo6o2o £ G (0, (5^^"] cmeneHb d{I — 
Qei ^Vs) onpedeAena u Mootcem 6um'b Haudena no CAedymvu^eu (fiopMyAe 

d{I - Q„ Wvs) = -(-l)^(^)dK(M^, (^1, ^2)). (1.13) 



BfiefleM HeKOTopbie flonojiHHTejibHbie noH5iTH5i h yxBep^KfleHHa neoGxoflHMbie 
flji5i flOKaaaTejibCTBa TeopeMbi. IlycTb x - npocTofi li,hkji CHCTeMbi ( 11.21) . Torfla 
cymecTByeT (cm. § 20, jieMMa 1) 4)yHflaMeHTajibHa5i MaTpHLi,a Y{t) CHCTeMbi 
( |LTO| ) BHfla 



(1.14) 



Olxn-1 1 

rfle $ - r-nepH0flHMecKa5i MaTpHLi,a Ojiokc h A - nocTOiiHHafl (n — 1) x (n — 1)- 

MaTpHLI,a C C06cTBeHHbIMH SHaMeHHHMH OTJIHMHblMH OT 0. J\jl5i /c-H KOMnOHeHTbl 

BeKTopa C G M" B flajibHeiimeM Hcnojib3yeTC5i oGosHaMeHne hjih [CY- J\^^ 
jTio6oro ^ > onpeflejiHM MHO>KecTBO C M"^ cjieflyiomHM oGpaaoM 

62 — 61 ^2 ~ ^1 \ 1 



rfle 



Pn-lC 



n— 1 







riycTb r : Bi^{Cs) T{B/^{C5))^ A > 0, saflaeTca 4)opMyjiOH 

Y{C- + 6) 



r(C) 



[o,r] 



rfle 



6^ = H 



|y||fnTi = max 
CnpaBefljiHBbi cjieflyiomHe npeflBapHTejibHbie CBoftcTBa. 

JieMMa 1.2 /(^it ecex 6 G [0, T] m ecea: C, G UMeem Mecmo coomHomeHue 
{Y{6)Pn-iC^^{6)) = 0. 06pamH0, ecAU = 0, mo cym,ecmeyem C G M" 

maKoe, umo {Y{6)Pn-iC^'z{6)) = 0. 



^OKasaTejibCTBO. IlycTb C G M". PaccMoxpHM cjTeflyiomHH bcktop 



C = 



.AT)-! 











rio jieMMe rieppoHa (cm. [68] hjih [H], Fji. Ill, § 12) HMeeM 



(Y{e + r)p,_iC, z{e)) = (Y{e)Pn^Z z{e)) ajih Bcex e e [o, r]. 



CjieflOBaTejibHO, 



= {{Y{e) - Y{o + T)) p„_iC, m) = 





fljiH jiK)6oro ^ G [0, r], MTO 5iBjifleTC5i nepBbiM yTBep>KfleHHeM jieMMbi [TT2l MtoGbi 
flOKaaaTb BTopoe yTBep>KfleHHe jieMMbi, nojio:>KHM 



SaMCTHM, MTO H 5IBJI5IIOTC5I jiHHeHHbiMH noflnpocTpaHCTBaMH npocTpaH- 
CTBa M", H dimL^ = n — 1. Tax KaK Y(9)Pn-i 5iBji5ieTC5i jiHHeftHbiM HeBt.ipo>K- 
fleHHbiM OTo6pa>KeHHeM, fleiiCTByiomHM h3 P„_iM" b y(^)P„_iM'^, to dimL^ = 
dimP„_iM'^ = n — 1. Ho, corjiacno nepBOMy yTBep>KfleHHK) jieMMbi, D n 

SHaHHT, MO:>KHO 3aKJIK)MHTb, MTO = L^. 

JleMMa flOKasana. 

JleMMa 1.3 /]^AM Aw6o2o A G (0, Aq] u Am6o2o 6 G (0,(5o] o'mo6paDfceHue F 
MGAMemcM 20MeoMop^u3MOM Ba{Cs) Ha r(BA{Cs)) npu ycAoeuu, nmo Aq > 
M ^0 > docmamoHHO mqau. BoAee mozo, MHOofcecmeo r{BA{Cs)) omKpumo e 
R", u HenpepuGHO ducfjcfjepeHv^upyeMO na MHOotcecmee T{B/\{C§)). 

^OKasaTejibCTBO. Ohcbhaho, mto F nenpepbiBHO. RoKa^KeM, mto F : 

Ba{Cs) F(Pa(C'(5)) HHTjeKTHBHO flJI5I flOCTaTOMHO MajIblX A > H ^ > 0. JJ^Jlil 

9Toro npeflnojio>KHM npoTHBHoe, Tor^a cymecTByiOT {afcjfceN? {^fcj/fcGN C M", 
ak 7^ CLk ao, h bo npn /c ^ oo, 



= G : ^(^)) = 0} , Lc=[j Y{e)P^.,C- 



^n-lG^O — Pn-l^Q — 



(1.15) 



TaKHe, MTO 



^ 'Pn-iak) + x{al) = — V^(P,_i6fc) + x{hl). (1.16) 



ll^ll[o,T] ||^ll[o,rj 

Bea orpaHHMeHH5i o6iii,hocth mo^kcm CMHTaTb, mto jih6o = 6^ flji5i jiK)6oro 

A; G N, jih6o a^l ^ 6^ fljia jiio6oro /c G N. Ilpeflnojio^KHM, mto = 6^ fljiH 
jiK)6oro /c G N, cjieflOBaTejibHO, 

Y{al){Pn-iak - Pn-ih) = flJia JiK)6oro A; G N, 
H, TaKHM o6pa30M, 

Pn-iCLk = Pn-ibk fl-^H Jiio6oro /c G N, 

npoTHBopena TOMy CBoiicTBy, mto a^t 7^ 6a: flJi^i jiio6oro k E N. PaccMOTpHM 
Tenepb cjiyMaft Korfla a'^ 7^ 6^ fljia jiio6oro /c G N. Tax xaK h3 ( 11.161 ) HMeeM, 
MTO x(ao) = 2^(&o) (no npeflnojio>KeHHio TeopeMbi iUJ) lag ~ ^ol < ^fl^ f 
- HaHMeHbLUHii nepnofl Li,HKjia x, to ag = &o ~- ^o- Hcnojibsyii jieMMy 11.21 . h3 
( 11.161) HMeeM 

x{al) - m)rz{al)) = (^^^Pn-iblzial)) = 



Y 



[o,r] 



^'-P,_i6^,2:(a^)), 



[0,T] 



HjiH, nocjie flejieHH5i Ha oil — b^, 



h -^k I 11^ ll[o,r] \ o^-^k 

IlepexoflH K Hpeflejiy npn A; ^ cxd b npeflbiflymeM paBeHCTBe h yMHTbiBaii, mto 
Pn-ib^ npH /c ^ (X), nojiy^aeM 

HTO 5iBji5ieTC5i npoTHBope^HeM (cm. [30], Fji. Ill, 4)opMyjia 12.9). CjieflOBaTejibHO, 
cymecTByiOT Aq > h ^ > Taxne, mto OToGpa^KeHne F : B/^(Cs) r(BA{Cs)) 



HHTieKTHBHO flJIH A G (0, Aq] H (5 G (O, 6q]. IlOKa^KeM, MTO Aq > H (5o > MoryT 
6bITb Bbl6paHbI TaKHM 06pa30M, MTO 

T{B^{Cs)) oTKpbiTo B W fljifl jiio6bix A G (0, Aq] h ^ G (0, ^o]- (1-17) 

SaMCTHM, HTO flJI5I JIIo6orO C G M", yflOBJieTBOp5IK)III,erO yCJIOBHIO Pn-lC = 0, 

HMeeM 

1 _ / Q^{C+o\ \ / . _ N 

nc) = ^r^ — ^{c+e)\ ^ +(o ... 

ll-^ll[o,T] y y ^ ^ 

H, TaKHM o6pa30M, fljia jiio6oro C G M" TaKoro, mto P^-iC = npoHSBOflHafi 
r'(C) o6paTHMa. CjieflOBaTejibHO, 6e3 orpaHHHeHH5i o6iii,hocth mo^kcm CHHTaTb, 
MTO Aq > h ^0 > flocTaxoMHO Majibi Tax, mto jiHHeftHoe OTo6pa>KeHHe r'(C) 
o6paTHMO fljia jiio6oro C G B^{Cs) c A G (0, Aq] h J G (0, (5o]. Ilo TeopeMe o6 
o6paTHOH 4)yHKLi,HH (cM. [i70] , TeopeMa 9.17) HMeeM, hto F jioKajibHO o6paTHMO na 
Ba{Cs) npH A G (0, Aq] h ^ G (0, ^o]) to ecTb oho nepeBOflHT jiio6yio flocTaTOHHO 
Majiyio OKpecTHOCTb (b M") sjieMenTa ( b OTKpbiToe MHO>KecTBO npocTpancTBa 
M", HTO, B CBOK) onepeflb, osnanaeT ( II .171) . Bojiee Toro, h3 xeopeMbi o6 o6paTHOM 
OTo6pa>KeHHH cjieflyeT, hto F"^ nenpepbiBHO flH4)4)epeHu,HpyeMO b T{B/^{Cs)). 
JleMMa flOKasana. 

^OKasaTejibCTBO TeopeMbi II. IL npe>Kfle Bcero saMeTHM, hto ecjin x - peme- 
HHe ypaBHeHH5i x = QsX, to b CHjiy jieMMbi [LTI i/it) = Q{0,t, x{t)) - pemenne 
ypaBHeHHfl u = GeU, r^e Ge '■ C([0,r],M") C([0, r],M") onpefleji5ieTC5i xax 

{Gei^){t) = n{T,0,iy{T))+ 
t 



+s I (^^;3)(r,0,z/(r))) 'r/(r,Q(r,0,z/(r)),£)(ir. 





Bojiee Toro, Tax KaK flji5i jiioGoro OTKpbiToro orpaHH^eHHoro MHOJKecTBa V C 
M" roMeoMop(J)H3M {Sx){t) = n(0,t, OTo6pa>KaeT Ka>Kflyio OKpecTHOCTb 

MHO>KeCTBa Wy B OKpeCTHOCTb MHO>KeCTBa 

Wv = {u^ C([0, TVW) : uit) G flji5i jTio6oro i G [0, T]} , 



TO (cm. |21) . TeopeMa 26.4) HMeeM, mto 

B cjiy^ae, ecjiH d{I — Gg, Wy[Cs)) onpeflejieH. HtoGbi flOKaaaTb, mto <i(/ — 
Ge, VFr(C5)) onpeflejien, paccMOTpHM BeKTopnoe nojre 

A,[(,) = x'p, {T-eM{ ") , J ( [r-i(?)] " + 5) ) o 

o(«-S([r-'K)]" + 5)) + 

+x [[T-'d)]" +-0 - eM {[T-\C)Y)) , C e r(BA(C,)), 

rfle r, A, (5 > - Te, o KOTopbix roBopHTC5i b jieMMe [L3l h M : M ^ M onpefle- 



jreHO KaK 



eCJIH M2:(^i) < H M^{62) < 0, 

M(^) = <J ecjiH Mj(^i) > H Mj(^2) > 0, 

— c^M (^1, ^2)) ■ B ocTajibHbix cjiyMa5ix. 

Tenepb flOKa>KeM, hto cymecTByeT (5o > TaKoe, hto flji5i jiio6oro (5 G (0, (5o] 
H jiio6oro £ G (0,(5^"'"°'] TonojiorHMecKHe cxeneHH d{I — G£,Wy{Cs)) ^ <^K"(^ — 
74£,r(C^)) onpeflejieHbi h 

- Ge, Wr(Cs)) = du^I - A, r{Cs)). (1.18) 

JXjisi 3Toro onpeflejiHM BcnoMoraTejibHoe BCKTopHoe nojie : C([0,r],M") ^ 
C{[0,T],W), nojiaraa {Asiy){t) = As{iy{T)) p^jisi jiK)6oro t G [0, T] h jiK)6oro 
z/ G C([0, r],M''). Tax KaK Wr{Cs) n = r(Cj), to no TeopeMe o cy^eHHH 
(cm. [21J, TCopcMa 27.1) CTcnenb dM."{I — As,r(Cs)) onpeflCJiena, ecjiH TOJibKO 
onpeflejiCHa CTcncHb d{I — A^, Wt{Cs))^ 6ojiee Toro, o?k«(/ — A^, r{Cs)) = d{I — 
A^^Wy^Cs))- CjieflOBaTCjibHO, >KejiaTejibHO noKaaaTb, mto cymecTBycT > 
TaKoe, MTO fljifl JiK)6oro 6 G (0, 6q] h jiio6oro £ G (0, (5^^"] TonojiorH^ecKHe 
CTencHH d{I — Gg, Wy(Cs)) ^ ^(^ ~ ^r(C5)) onpeflejiCHbi h 

d(I - G„ = d(I - A, Wr(c.^). (1.19) 



MTo6bi flOKasaxb f fTTD , onpeflejiHM : C{[0,T],W) C{[0,T],W) xax 
t 

{F,u){t) = J (^3)(r,0,z/(r)))"^(r,n(r,0,Kr)),£)(ir, te[0,T], 



H paCCMOTpHM JIHHefiHyK) fle(|)OpMaLI,HK) 

De{X, u){t) = A(^(t) - Q(r, 0, z/(r)) - + 

+ (1 - A) {v{t) - {a,v) {t)) , 
rfle A G [0, 1], w G dWY{Cs)-, ^ ^ (0?<^o)- 9KBHBajieHTH0 

D,{\ u){t) = A - Q(r, 0, z/(r))) + (1 - \)u{t)- 

-(1 - A)x;2) (r- £M ([r-^K^))]") HT) - R~Mm- 

-Xs{F,u)it) - (1 - A) X ( [r-i(z.(T))]^ + ^ - ([r-HK^))]")) , 

rfle A G [0, 1], z/ G 6'iyr(c,), ^ e (0, (5o) h 

i?^(0 = x([r-i(0]" + ^)- 

noKa>KeM, MTO flji5i Bcex flocTaTOMHO Majibix 5 G (0,(5o], e G (0,^^^"] h Ka>K- 
flbix A G [0, 1], G 5Wr(c'5)- Hpeflnojio^KHM npoTHBHoe, snaMHT cymecTBy- 
lOT {4}fceN C M+, 4^0 npn /c ^ oo, {efcjfceN, ^fc G (0,(5^+"), {lykjkeN, 
Vk G 5Wr(c,j, {AfcjfceN C [0, 1] TaKHe, hto 

=A, {vk{t) - n{T, 0, Uk{T))) + (1 - Afc)z/fc(t)- 

- (1 - Xk)x'. (t - £fcM ([r-i(z/fc(r))]") ,%(z/fc(r))) o 

^ ^ (1.20) 

o (z/fc(r) - R^iMT))) - \kek{Fe,Vk){t)- 

- (1 - \u)x ( [r-i(z/fc(r))]" + ^ - EkM {[T-\uk{T))y)) . 
Hs ( OOj ) HMeeM 

+ (1 - Afc)4) (r - £fcM ([r-i(z/fc(r))]") ,i?s(z/fc(r))) o 
+ (1 - Afc)j ([r'iK(r))]" + £fcM ([r-iK(T))]")) 



H, cjieflOBaTejibHO, 

i^kit) = Xk£k (^3)(^. 0. ^t))) ' 9{t: ^{t. 0, £k). (1.21) 

Ha (11.211) cjieflyeT, mto 6e3 orpaHHMeHHsi o6iii,hocth mo:>kho npeflnojio>KHTb cy- 
mecTBOBaHHe £ I^"^ Taxoro, hto 

^A:(^) ^ ^0 npH k ^ oo 

paBHOMepHO no OTHomeHHio k t E [0,r]. Tax xaK i^A:(0) G r(Cs^^) G 
54(a;([^i, ^2])), TO ^0 £ 5;([^i,^2])- Tenept, mtoGbi nojiy^HTb npoTHBope^He, 
BOSbMCM t = T R nepennmeM (11.201) b BHfle 

= A, {ukiT) - n{T, 0, UkiT))) + (1 - Afc)z/fc(r)- 

-(1 - Afc)^3) (r - ([r-i(z/fc(T))]") ,o,i?j(^fc(r))) o 

o(z/fc(r) - i?j(z/fc(r))) - Xkek{Fs,i^k){T)- 

-(1 - Afc)x ( [r-i(z.fc(r))]" + ^ - EfcM ( [r-H^fc(r))]")) = 
= Afc (z/fc(r)-n(r,o,z/fc(r))) + 
+(1 - Afc) (/ - (t - £fcM ([r-i(z/fc(r))]") ,o,i?j(z/fc(r)))) o 
o(z/fc(r) - i?5(z/fc(r))) - Xk£k{Fe,iyk){T) + (1 - Afc)i?s(z/fc(r))- 

-(1 - Afc)x ( [r-\uk{T))Y + e-ekM{ [T-\vk{T))\')) = 

= Afc (z/fc(r) - r](r, o, vk{T))) + (i - Afc)o 
o (r-£fcM([r-i(z/fc(r))]") ,o,%(z.fc(r)))) o 

o(z/fc(r) - R^{vk{T))) - \k£k{F,,Vk){T) + 
+Ek{l - \k)x ( [T-\vk{T))\' + 9) M ( [T-\vk{T))y) + o(£fc). 
TaKHM o6pa30M, saMenaii, mto 

f^(r, 0,0-^ = ^{T, 0, - i?x(0 + Rx{^) - i = 
= n(T, 0, R^iO + (^ - R^m - Rm + - C = 



= n[,^{T, 0, R~,{0){^ - - - RiiO) + - R^) = 
= (^3)(r, 0, R^iO) - ^) - MO) + oi^ - 

HMeeM 

A, (/ - n;3)(r,o,i?^K(r)))) (^/^(r) - i?^(z/,(r)))- 

- A,o(z/fc(r) - i?^(z/fc(r))) + (1 - A,)o 

o (/- n;3) (r- £fcM ([r-iK(r))]") ,o,i?^K(r)))) o (1.22) 

+ - Afc)i^ ([r-iK(r))]" + ^) M ([r-iK(r))]") = 0. 

Mo>KHO CHHTaTb, MTO nOCJieflOBaTejIbHOCTH {AfcjfcgN H 

f i^kiT) - R^{uk{T)) \ X 1- X / 

cxoflSTCii, nycTb Aq = iimfc_,oo Afc h /q = 

ken 



Wk{T) - R^{iyk{T))\ 

MT) - R^{vk{T)) 
\vk{T) - Rj,{vk{T))y 
TaKoe, MTO yk{tk) £ ^^(C^). IIojiokhm = F ^{iyk{tk)), 6e3 orpanHMenHH 



hmfc^oo II,. /rr^NMi - Tax KaK Uk G dW/r(C5j, ™ cyn],ecTByeT tk G [0, TJ 



o6iii,HOCTH Mo:>KeM npeflnojiaraTb, mto jih6o 

Cfc+^G(^i,^2) flJi5iJiK)6oro A; e N, (1.23) 

jih6o 

Ck+0 e {Oi} U {^2} flJi5i Jiio6oro /c G N. (1.24) 
IloKajKeM, MTO cjiyMaft (11.231) HeB03Mo:«;eH. Ilo jieMMe 11.31 F 5iBji5ieTC5i roMeo- 

M0p(|)H3M0M MHO^KeCTBa C4 Ha F(Cjj.) flJI5I flOCTaXOHHO MajIblX A > 0, H 

i^kitk) G 5F(C4), SHaMHT 

Ck = r-\iykitk))edCs,. (1.25) 
CjieflOBaTejibHO, (11.231) h (11.251) BjiexyT 

ll^n-iC/cll = flJT^i Bcex /c G N. (1-26) 

TaK KaK 

\Pn-iCk\\ = \\y-\o)Y(e)p^_,Ck\\ < \\y-\o)\\\\Y(e)p,_,Ckl 



TO cymecTByeT c > TaKoe, mto 

\\Y{e)Pn-lCk\\ > c\\Pn-lCk\\ = C6k 

flji5i jiK)6oro 9 G [0, T], h, TaKHM oGpasoM, HMeeM 
\\iyk{tk) - RxMtk))\\ = 

= lir(Cfc) - x{Q + o)\\ = \\Y (Q + e) Pn-iCk\\ > cSk (1.27) 

fljiH Jiio6oro /c G N. C flpyroH CTopoHbi h3 ( 11.211) saKJiiOHaeM, mto cymecTByeT 
ci > TaKoe, MTO 

||z/fc(r) — i^fc(t/i;)|| < ciEfc flji5i jiK)6oro A; G N. (1.28) 

HaKoneu,, h3 jieMMbi [TT31 cjie^yeT. hto 4)yHKLi,H5i x ( [r^^(-)] + ^) nenpepbiBHO 



flH{|){|)epeHi],HpyeMa h, yMHTbiBaa (11.281) . cymecTByeT C2 > TaKoe, mto 
||i?5c(z/fc(r)) - i?x(i^/fc(^fc))|| = 

= ||x([r-i(z/fc(r))]" + ^) -x([r-i(z/fc(tfc))]" + ^)|| < (1.29) 

< C2\\i^k{T) - iyk{tk)\\ < ciC2£k flJi^i Bcex /c G N. 
Tenepb bosmojkho OLi,eHHTb ||z/fc(r) — i?j(z/fc(7^)) || CHHsy. HivieeM 

HiT) - R^{iyk{T))\\ = 

= \Wk{tk) - Rx{^k{tk))+ 

+ yk{T) - uk{tk) - {R^{yk{T)) - R^{Pk{tk)))\\ > (1-30) 
> \ \Wk{tk) - Rx{^k{tk))\\- 

||z/fc(r) - iyk{tk) - {Rx{i^k{T)) - R^{vk{tk)))\\\ . 

Tax KaK £k G (0,(5^,^"), to cymecTByeT /cq G N Taxoe, mto ciSk + ciC2£k < cSk 
fljra Bcex k > ko. CjieflOBaTejibHO, hs (11.281) h (11.291) HMeeM 

||z/fc(r) - ^k{tk) - {Rx{^k{T)) - Rx{l^k{tk)))\\ < Ci£k + CiC2£k < cSk, (1.31 

fljiH Bcex k > ko. HcnojibsyH (11.271) h (11.311) . MO^KeM nepenncaTb (11.301) KaK 

||z/fc(r) - Rx{iyk{T))\\ > \\iyk{tk) - Rx{j^k{tk))\\- 
- \WkiT) - Vk{tk) - {Rx{T^k{T)) - Rx{T^k{tk)))\\ 



1.32) 



H, TaKHM o6pa30M, 

||z/fc(r) - R^{uk{T))\\ > c5k - ci£k - ciC2£k Jiio6oro k > ko. 

Hcnojib3y5i 3to HepaseHCTBO flji5i jiK)6oro k > ko nojiynaeM 



\\iyk{T) - R^{iyk{T))\\ c6k - ciSk - ciC2£k 



1.33) 



Hcnojib3y5i (11.331) h nepexofla k npeflejiy npn /c ^ oo b (11.221) flejieHHOM Ha 
\\yk{T) - R^{vk{T))\\, nojiy^aeM 

(/ - n;3)(r,o,j(Co" + ^))) k = 0. (1.34) 

MtoGm flOKasaxb, mto (11.341) ne Bepno, ycTanoBHM, mto 

'(/ - n[,^{T, 0, ^o))/o, z ( [r-i(^o)] " + ^) ) = 0. (1.35) 



/l^eHCTBHTejIbHO, 

/ iyk{T) - R^iukiT)) 



H{T) - R^{vk{T))\ 
1 



■rz{[T-\vk{T))]'' + 6) 



i..(T)-i..(.(T))r^^^-^^-^^)))-^([^-^^-^^))r+^) 

^([r-^K(r))]" + ^)) = 

1 



j([r-'Mr))]" + «): 

H, TaKHM 06pa30M, HOJIb3y5ICb JieMMOH 11.21 MO>KeM 3aKJIK)HHTb, HTO 

Ho onpeflejreHHK) BCKTopa Iq h3 (11.361) nojiy^aeM 

k.z{Q + e)) = 0. (1.37) 



Ho 1 1 /oil = 1, H Ha ocHOBaHHH H3 jieMMt.1 11.21 HMeeM, HTO cymecTByeT /„< 7^ 



TaKoe, MTO 



l0 = Y(Q^e)Pn-lh H Pn-lh = h (1.38) 



H, 3aMeMa5i, mto (cm., HanpHMep, [[SOj, TeopeMa 2.1), 

nj3)(i,0,x(r)) = y(^ + r)y"^(r) fljia Bcex r G M, (1.39) 



HMeeM 



(/ - Q;3)(r, 0,x{Q + 0)))lo={l-Y{T + Co+ 0) {Q + 6)) k 
= {y (Co +0)-Y{T + Co+0)) Pr,-ih = 

em+0) \ / e^(^+Co +^) , , 

= ^{Co+o)\ ( ^ J- 1 ' 



e^(^"+^)(/-e^^) , 
$ Co + ^ ^n-l/* 




(1.40) 



B HpOTHBOpeHHH C ( 11.341) . 

noKa>KeM Tenepb, hto cjiynaH ( 11.241) TaK>Ke npHBOflHT k npoTHBO- 

peHHK). EcjiH, nepexoflH npn Heo6xoflHMOCTH k noflnocjieflOBaTejTBHOCTH, 

— —— — ^ 0, TO B03Mo:>KHO fleficTBOBaTb KaK H npe>Kfle 

\\iyk{T) - R^{iyk{T))\\ 

fljiH nojiyMeHHfl jio>KHoro 4)aKTa ( 11.341) . PaccMOxpHM Tenept cjiyMaft, Kor^a 

-r — -— — - — ^ /, c / > HjiH / = +00. Hs ( 11.221) saKjiiOHaeM, hto 

||z/fc(r) - R^{iyk{T))\\ 



Ek{x){T),z([r-\ukiT))Y + e)) = 



\Wk{T) - Rx{MT))V (1.41) 

= {Tk{x){T),i{[r-\uk{T))Y' + e)), 

rfle 

Sfc(x)(r) := Xk{F,,iyk){T) - (1 - Afc)x ([r-i(z/fc(r))]" + ^) • 

•M([r-i(z.,(r))]") + ^, 

^k 



T,(.)(T) := A. (/ - n[,iT.O.RM)) ^^^^^Sm" 

_ oMT) - R~M{T))) 
\H{T) - R~,{uk{T))V 

+ (1 - Afc) (/ - ^'(3) (r - EkM {[T-\vk{T))\') ,0,i?j(z/fc(r)))) o 

\\vk{T) - R~,{vk{T))W 
Hcnojibsya npeflCTaBJieHHe ( II .SSI ). (J)opMyjiy ( 11.401 ) h jieMMv [L2l nojiy^aeM 

( (/ - ^^;3) (r, 0, X {Q + e)))k,z {Q + e)) = 
= {y (Co + ^) - e^"^) ^-1^*, ^ (Co + ^) ) = 

= {y (Co + ^) Pn^i {1 - e^"^) ^ (Co + ^) ) = 0. 
CjieflOBaTejibHO, 

{i:k{x){T),z{[T~\pk{T))Y + e)) ^0 npH/c^oo, 

H H3 ( 11.411 ) 3aKJIK)MaeM, mto 

(Sfc(x)(r),z ([r-iK(r))]" + ^)) ^ O npn /c ^ oo 
OTKyfla, B CBOio OMepeflb, cjieflyeT 

AoF {x {Q + ^)) - (1 - Ao)x (C ^e) M {Q) , J (C + ^) ) = 0, (1.42) 

rfle 

T 

%)= j (Q;3)(r,0,O)~^(r,^^(r,0,O,0)rfr. 



Ilo jieMMe IleppoHa (cm. [68j hjih [Hj, Fji. Ill, § 12) 

X (Co +o)M (Co ) , (Co +0)) = (m.m) M (C, 

H, TaKHM oGpasoM, ( 11.421 ) MO>KeT 6t.iTb nepenHcano KaK 

Ao sign (5^(0), z(0)\ (f {x{Q + ^)) , z{Q + ^) 



1 - Ar 



(1.43) 



riOKa^KeM, MTO 



sign(5^(0),J(0))(F(i(^)),z(^)) = Mj(^), 9 e [0,T]. (1.44) 

06o3HaMHM Mepes Z(t) h ^o(^) 4)yHflaMeHTajibHbie MaTpHLi,bi conp5i>KeHHOH ch- 
CTeMbi (11.121) TaKHe, mto Z{0) = / h ^o(^) = (-^71-1(^)5 ^(^))) r^e Zn-i{t) 5ib- 

JI5ieTC5I n X (n — l)-MaTpHLI,eH, MBH CT0Jl6l],bI 5IBJI5IK)TC5I He T-nepHOflHHeCKHMH 
JIHHeilHO-HeSaBHCHMblMH CoGcTBeHHblMH (J)yHKLI,HaMH CHCTeMbI (11.121) . TaK KaK 



= [Z'\6)yZ\T + 6) = (Zo-i(^))* Z*(r + 6)., 



CM., nanp., [U], Tji. Ill, § 12), h i'(^) = {Zn-i{e),z{e)) 







TO HMeeM 



T 



F {x {6)) ,z{e)) = / {Z,\0)y J Z*{t + e) g{T, x{t + 6), 0)dT,z{e) 



T+e 



g{T - e,x{T),0)dT, 







T+0 



J mr)g{r-6,x{r),0))dT = M^{6) 



H, TaKHM o6pa30M, (11.441) BbinojTHeHO. y^HTbiBaH (11.441) , Mo:>KeM nepenncaTb 
( 031 ) KaK 



AoM, (C^ + ^) - (1 - Ao) mO),J(0)) M(Co") = 0, 



rfle jih6o Co + ^ = J™6o (q + = ^2- HocjieflHee, b cboio o^epeflb, mo^kct 
6biTt. nepenHcano kek 

XoM^ie,) - (1 - Ao) 1(5^(0), J(0))| M ((-l)1Co I) = 0, (1.45) 

rfle jih6o i = 1, jih6o i = 2. Ecjih (/^(Mj, (^i, ^2)) = 0, to (cm., nanp., [2l], §3.2 
no noBOfly onpeflejieHH5i TonojiorHHecKoft CTeneHH b M) flji5i jiioGoro i = 1, 2 h 
jTio6oro a > HMeeM 

M ((-l)^a) = -asign(Mj(^i)) = -asign(Mj(^2)), 

H, TaKHM o6pa30M, ecjTH d]^{Mx: (^1, ^2)) = 0, TO ( 11.451) mo^kct 6biTb nepenHcano 
KaK 



XoM^ie,) + (1 - Ao) {x{0),^Q)) ■ ICo I • sign(M2.(^,)) = 0, (1.46) 
rfle jih6o ^ = 1, jih6o i = 2. Ecjih d]g^{Mx, (^1, ^2)) 7^ 0, to flji5i jiio6bix z = 1, 2 

H JIIo6bIX a > HMCCM 

M ((-l)^a) = dM(Mj, (^1, ^2)) • (-l)^+'a = 

H, TaKHM 06pa30M, (11.451) MOJKCT 6bITb BHOBb HepeHHcaHO KaK (11.461) . Ho (11.461) 
npoTHBopcMHT jih6o npeflnojio>KeHHK) Mj(^i) 7^ (b cjiy^ae i = 1), jih6o npefl- 
HOjiojKeHHK) Mj(^2) 7^ (b cjiynac i = 2). 

CjieflOBaTCJibHO, hh (11.241) . hh (11.231) ne MoryT ocyn],ecTBHTbC5i h, TaKHM o6pa- 
30M, cyn],ecTByeT (5o > TaKoe, hto flji5i jiioGbix 6 G (0, 6o] h jiioGbix e G (0, 6'^^^] 
HMCCM, MTO i?e(A, ly) fljifl Bcex A G [0, 1] h bccx 1/ G c^VFr(C5)- Sna^HT, fljin 



H 



jiio6bix (5 G (0, (5o] H £ G (0, (5 "''°'] TOHOjiornnecKHe CTencHH d{I — Gg, VFr(C5)) 
d{I — Ae,WY[Cs)) onpeflejiCHbi, h (11.191) BbinojiHeno. KaK y>Ke saMeneHO, (11.191) 
BjicMCT (11.181) , snaMHT, MTo6bi saKOHMHTb flOKasaTCJibCTBO (|)opMyjibi (11.131) , ocTa- 
eTC5i HOKaaaTb, mto d{I — As,r{Cs)) = (— l)^^^''<iR (Afj, (^i, ^2)) flJi^i Bcex 



6 e [OJo] nee (0,(5^+"]. nycTb 6 e (0,(5o] H e G (0,^1+"]. TaK KaK r 5IB- 
ji5ieTC5i roMeoMop(J)H3MOM MHO>KecTBa Ba{Cs) Ha r(i?A(C'(5)), TO (cm., Hanp., 
[2T| . TeopeMa 26.4) nojiy^aeM 

dM"(/ - A, r{Cs)) = d^n{i - r-i^r, Cs). 

riycTb C G Cs- YMHTbiBafl, HTO ( 11.391 ) h fleftcTByfl KaK b ( 11.401 ). nojiynaeM 

C - {r-'A,r) {() = (- (r-U,) (^^^±^p^_,c + x(c + = 



Y 



Mr 



= C - r-^ (^i^;3) {t - sM{C). 0, X (c + ^)) ^^|!j^Pn-iC+ 

+x(c+^-£M(n)) = 




+x [c + 0- eM{C)) j 

H, TaKHM oGpasoM, 

(iM«(/ - T 'AsT, Cs) = dRn ((/ - e^^) X eM, Cj) , 

rfle (/ — e^"^) x eM = (^I — e^"^, eM^ . Ilo CBoiicTBy TonojiorHMecKoii CTeneHH 
npoH3BefleHH5i BeKTopHbix nojiefi (cm., nanp., |21) , TeopeMa 7.4) HMeeM 

= d^. (I - e^^, 5,(0)) . d« (.M, (-^, ^) ) , 
rfle dRn (/ - e^^, 5,(0)) = (-l)/3(2^) corjiacno (l21j, TeopeMa 6.1) h 



npHMbiM noflCMeTOM. TaKHM o6pa30M, HMeeM 

d^n{i - r-U,r, Cs) = -(-i)^(^)(iK (Ms, (^1, ^2)) . 

rioflBOfla HTor, saKjiiOHaeM, mto cymecTsyeT Sq > TaKoe, mto fljia jiio6oro 
6 e (0, (5o] H jiK)6oro £ E (0,^^+"] TonojiorHHecKaa CTenenb d{I — Qe:^r{Cs)) 
onpeflejieHa h MO>KeT 6biTb noflCMHTaHa no 4)opMyjie 

dil - Qs. Wrics)) = -i-lf^'^^du (Ms, (^1, ^2)) • 
HTo6bi saBepniHTb flOKasaTejibCTBO, 0CTaeTC5i noxasaTb, mto Vs := ^{Cs) yflo- 

BJieTBOpaeT CBOiiCTBaM 1) H 2). J^JISI 3T0H LI,eJIH, nOJIOJKHM 1^ G r(Cj), 3HaMHT 

flji5i HeKOToporo C G M", yflOBjieTBop5iioiii,ero ||P„_iC|| < (5 h [r^-^(^)]" + 9 E 
[^1,^2]- CjieflOBaxejibHO, 

y(e+^) 



||^-^([r-^(0]^ + ^)|| = 



\Y\ 



■Pn-lC 



Mj 



< \\Pn-lC\\ < S 



H, 3HaMHT, CBOHCTBO l) BbinOJIHeHO. Ilo OnpefleJieHHIO MHO^KeCTBa Cs HMeeM, MTO 

fljiH jiio6oro 6 G (0,^0) TOMKH ^0, ...,0, — ^-^ — H ^0, 0, -^-^ — npe- 
Hafljie>KaT rpaHHLi,e MHo:>KecTBa Cs- CjieflOBaTejibHO, tomkh x{9i) h ^(^2) npe- 
Hafljie>KaT rpaHHLi,e MHO^cecTBa r(Cj). C flpyroft CTopoHbi, ecjiH ^ = x(^), r^e 

^£(^1,^2), TO 

r-i(e) = (0,...,0,^-^) CQ. (1.47) 

CjieflOBaTejibHO, ^ G r(C^) h cbohctbo 2) TaK:«;e yflOBjieTBopeno. 
^OKaaaTejibCTBO TeopeMbi 11.11 saBepmeHO. 

J\ajiee nau Heo6xoflHMa cjieflyioiii,a5i jieMMa, npHHafljiejKamaa H. F. MajiKHHy 
([29]. 4)opMyjia 3.13 hjih [30], TeopeMa c. 387). 

JieMMa 1.4 E'c^w 

^x(O) 7^ dAM HeKomoposo x G ©vi^, 



mo 

QsX 7^ X dAM Aw6o20 docmamoHHO uaAozo £ > 0. 
J\ji5{ Ka^Kfloro X ^ &w hojio^khm 

e^(x) = {^0 G (0, T) : Se.xe dW, SexeW flji5i jiio6oro 9 G (0, ^o)} , 

{S0x){t) = x{t + e) 

B flajibHeftmeM nocT05iHHt.ie (]3yHKLi,HH npocTpancTBa C([0,r],M'^) oto>k- 
flecTBji5iK)TC5i c cooTBeTCTByK)iii,HMH 9jieMeHTaMH npocTpaHCTBa M"'. 

TeopeMa 1.2 IIpednoAODtcuM, nmo MHODfcecmeo 

&w = {x e dW : Qqx = x} 

KOHeuHO u codepotcum moAtKO npocmue T -nepuoduuecKue v^ukau cucmeMU 
IIpednoAODicuM, nmo Mx{Qi) 7^ dAn ecex x G &w- Tozda Bam naotcdoso 
docmamoHHO uaAozo £ > monoAozunecKafi cmenewb d{I — Qs, W) onpedeAena, 
u cnpaeedAuea CAedytoma^ (f)opMyAa 

d{i - Qe, w) = (-i)"(iM«(/, wnw")- 

E (-l)^^"W(M„(0,min{eM.(x)})). (1.48) 

^OKasaTejibCTBO. /D^jih Ka»:floro x G yflOBjieTBopHiomero Qw{x) 7^ 0, 

o6o3HaMHM Mepes ^0(3^) h {^(3^)}(5e(o,(5o(x)) Te MHCJia h MHO>KecTBa, o KOToptix 
roBopHTca B TeopeMe ll.ll r^e x := x, ^1 := h 62 '■= min{Gp^(a:)}. IlycTb 
Si = mmxe&yi,:ewix)^9 ^o{^) > 0- Tax KaK Mx{0) fljiH JiioGoro x G Gw, to 
no jieMMe MajiKHHa (cm. jieMMy 11.41) cymecTByiOT 5^ G (0, 5i) r > Taxne, 

MTO 

Qe^^ 7^ ^ flji5i X G (x) npn jiK)6bix x G 6^^ h £ G (0, e,^). (1.49) 

IlojibsyHCb onpeflejieHHCM MHOJKecTBa &Wj hs (11.491) fljiH jiio6t.ix x G ©t^/ h 
£ G (0, £^) HMeeM 

QsX 7^ X fljTfl jTio6oro X G (x) U (5'nuiiiewfx)|2:) . (1.50) 



riycTb 5^^, G (0, 6^) flocTaTOMHO Majio Tax, mto 

flji5i jiio6bix X G ©v^. Torfla, yMHTbisaa (11.501) . HMeeM 

QeX 7^ X for X G (Bs^x) U 55,(5'min{eH.(x)}a^) U Wv^^^^^)) \W 

npH X G &w H £ G (0, CjieflOBaTejibHO, npHMeH5i5i 4)opMyjiy TeopeMbi 11.11 
fljiH JiK)6oro X G (5^/ TaKoro, mto Op^(x) 7^ 0, h jiK)6oro e G (O, min{(5^'^", 
HMeeM 

= d{l- Q„ U 55,(5'^in{eu.(.)}a^) U Wv,^^(,)) = (1-51) 

= d{I - Q„ = -i-lf^^k^ (M,, (0, min{e^(x)})) . 

IlycTb 

&^ = {x E Gw '■ cymecTByeT 60 > Taxoe, 

MTO Ss{x) ^ dW flji5i Bcex 6 G (-(5o, 0) U (0, 60)} . 
Hs (11.491) saKJTiOHaeM, hto npn Ka>Kflbix x G 6^ h £ G (0, e^) BbinojTHeHO 

paBeHCTBO 

(i(/-Qe,5j^(x)niy) = 0. (1.52) 

TaK KaK jiio6a5i TOMxa x G (5vF 5iBJi5ieTC5i npeflejibHbiM i],hkjiom cncTeMbi (11.21) . 
H no npeflnojiojKeHHK) nncjio TaKHx Tonex KOHe^HO, 6e3 orpaHHneHH5i o6iii,hocth 

M05KH0 CMHTaTb, MTO (5=^ > HaCTOJIbKO MajIO, MTO 

Qo(a^) 7^ fl-'T^ jiio6bix X G C([0,r],M") xaKHx, 

HTox(o)G5,,(x([o,r]))\x([o,r]). 

CjieflOBaTejibHO, rpaHHLi,a MHO>KecTBa iy\£'5_^, r^e 



y y Bs^nw 

He coflep>KHT T-nepHOflHMecKHx pemeHHfi CHCTeMbi ( 11.21) . Ho pesyjibTaT KaneTTO- 
MaBena-SaHOJiHHa ([50], cjieflCTBHe 2) yTBep^Kflaex, mto ecjiH onepaxop Qq ne 
HMeeT HenoflBH:>KHbix tohck Ha rpaHHLi,e KaKoro-nnGyflb OTKpbiToro orpaKHHen- 
Horo MHO^KecTBa A C C([0,r],M"), to 

d(/-go,^) = (-i)"^^M"(/,^nM"), 

no9TOMy 

d{I - Qo, W\EsJ = i-irdun (/, {W\EsJ n M") . (1.54) 

Ha ocHOBaHHH (11.531) 4)yHKLi,H5i / HeBbipo>KfleHa Ha MHO>KecTBe Eg^ Pi M", h h3 
(11.541) saKjiioMaeM, mto 

d{I-Qo^W\EsJ = {-ird^n{f,WnR^). (1.55) 

CyMMHpyfl ( 11.511) . ( 11.521) h ( 11.551) . nojiy^aeM yTBep>KfleHHe TeopeMbi. 
TeopeMa flOKaaana. 

SaMenaHHe 1.1 Ma (popMyAU (T^J^ CAedyem, umo mouKU MHOofcecmea Gw 
maKue, nmo Sqx ^ &w ^am ecex 9 G (0, T) ne eAu^wm na ananeHue cmeneHU 
d{I — Qe, VF), sde e > docmamoHHO mqao. 

Hojio>KHM X = {x G C([0,r],M") : x{0) = x{T)} h oGosHa^HM xaK 
L : domL C X ^ L^([0,r],M") jiHHeiiHbiH onepaTop, onpeflejieHHbifi xax 
{Lx){-) = x{-) c domL = {x G X : x{-) — aGcojiiOTHO nenpepbiBHa}. To- 
rfla L - onepaTop OpeflrojibMa HyjieBoro HHfleKca (cm. [50], nyHKT II. 1). HycTb 
Ns : X ^ L^([0, T], M"^) - onepaTop HeMbmKoro, saflaBaeMbift xax {Nsx){-) = 
f{x{-)) + e5r(-, a:(-), e). TaKHM oGpasoM, cymecTBOBaHne T-nepHOflHMecKHx pe- 
ineHHii flji5i CHCTeMbi ( 11.11) SKBHBajieHTHO paapeniHMOCTH ypaBHeHH5i 

Lx = XeX, a: G domL. (1.56) 




B cjieflyiomeM yTBep>KfleHHH npeflJiaraeTca (]3opMyjia fljia HHfleKca coBnafle- 
HH5I DiiL - Ns,W n X) onepaTopoB L h N^, (cm. >K. MaBCH [66], p. 19), 
nofloGnaH 4)opMyjie TeopeMbi ll.2[ 

Cjie/i,CTBHe 1.1 IIpednoAODfcuM, nmo ece ycAoeuM meopeMU eunoAHenu. 
Tozda, Oam ecex docmamouHO mqaux e > undeKC coenadenuM Di[L — Ni^^WC] 
X) onpedeACH, u cnpaeedAuea CAedyiotu^asi (fiopMyAa 

DLiL-N,,wnx)= (-i)"dM"(/,iynM") - 

E (-l)''("W(M,,(0,min{ew.(x)})). (^-^^^ 

^OKasaTejibCTBO. Tax Kax d{I — Qs, W) onpeflejien fljiH flocTaTOMHO Majibix 
£ > 0, TO Dl{L — A^e, W r\X) TaKJKe onpeflejien npn sthx SHaneHH^x e > 0, cm. 
(|66|. Fji. 2, § 2). HtoGbi flOKasaTb ( 11.571) , HcnojibsyeM npHHLi,Hn poflCTBCHHOCTH, 
pa3pa6oTaHHbiH b ([66], Fji. 3). Bo-nepBt.ix, saMCTHM, mto nyjiH onepaTopa : 
C([0,T],M") ^ C([0,r],M"), onpeflejiCHHoro xaK 

(i?,x)(t)= X{t)-X{0)- J {f{x{T))^£g{T,x{T),£))dT- 



-J {f{x{r)) + £g{r,x{r),£))dr + t J {f{x{T)) + £g{T, x{t), £)) dr, 



coBnaflaiOT c nenoflBHJKHbiMH TOHKaMH onepaTopa Q^, h snanHT (i(i?e, VF) TaK>Ke 
onpeflejiCH npn flocTaTOMHO Majibix £ > 0. Ha ocHOBaHHH npHHi],Hna poflCTBCHHO- 
CTH flji5i TonojiorHHecKHii CTencHeii 3KBHBajieHTHbix HHTerpajibHbix onepaTopoB 
(cm. }K. MaBCH [66], xeopeMa III.l npn a = 1, 6 = h TeopeMa III. 4) 

d{Rs,W) = d{I-Qs^W). 

^ajiee, Hcnojibsya fljia onpeflejienHH Dl{L — N^, W Pi X) MCTOflbi, paspaGo- 
TaHHbie B ([66], Fji. Ill, § 4) h npHHLi,Hn poflCTBeHHOCTH, CBsisbiBaiomHH HHfleKC 
C0BnafleHH5i onepaTopoB L m c TonojiorHMecKoii CTenenbio SKBHBajienTHoro 



HHTerpajibHoro onepaTopa (cm. [66], TeopeMa III. 7), nojiy^aeM paBencTBO 

DL{L-N,,WnX) = d{R,,W), 

KOTopoe saBepmaeT flOKaaaTejibCTBO. 
CjieflCTBHe flOKasano. 

J\jiR nepexofla ot ycjiOBHfi TeopeMbi 1.2 k ochobhomy npeflnojio:>KeHHio {Aq) 
(cm. HaMajio nyHKTa) neoGxoflHMbi HH>KecjieflyK)iii,He yTBep>KfleHH5i. 

SaMenaHHe 1.2 HMemm Mecmo cooniHouieHusi 
u 

Qw^ix) = {00 e (0, T) : x(^o) e dU, x[e) G U fljia Bcex 9 e (0, ^o)} • 
JleMMa 1.5 nycmt eunoAHeno ycAoeue {Aq). Tozda 

dun{f,WunR'')=dun{f, U). 

^OKaSaTejIbCTBO. /i^OKaSaTejIbCTBO JieMMbI npOH3BOflHTC5I Ha OCHOBaHHH npHH- 

Li,Hna npoflOJi>KeHH5i Jlep9-IIIayflepa. IlycTb 

t/A = G : Q(0, At,0 G U flji5i jiK)6oro t G [0,r]}, A G [0,1], 
noKa:aceM, mto 

^ M{dUx) jiK)6oro A G [0, 1]. (1.58) 

IIpeflnojiojKHM npoTHBHoe, Tor^a cymecTByeT Aq G [0, 1] Taxoe, mto £ ^^^Ao 
H M(^o) = 0. SaMCTHM, MTo Q(0,Aot,<^o) £ ^ fl-'^^ Jiio6oro t G [0, T]. CjieflOBa- 
TejibHO, cymecTByeT to G [0, T] Taxoe, mto Q(0, Aoto?^o) £ c^^? h Ha ocHOBaHHH 
4)aKTa M(^o) = 0, nojiy^aeM, mto ^1(0, Ao^,^o) nocTO^HHO no OTHomenHio k 
t G [0,r]. SnaMHT, Mbi HMeeM 11(0, Aq^o^^o) = ^(0,0, ^o) = h nojiy^aeM, 
MTO ^0 £ c^^? npoTHBope^a npeflnojio^KeHHio o tom, mto coflep:>KHT tojibko 
HanajTBHtie ycjiOBH5i npeflejiBHtix li,hkjtob CHCTeMbi (11.21) . Hcnojibsyii npHHLi,Hn 



npoflOJi>KeHH5i Jlep9-IIIayflepa (cm. [22], Tji. 3, § 16, " OyHflaMeHTajibHan xeope- 
Ma"HjiH [49], TeopeMa 10.7) h3 (11.581) saKjiiOMaeM, mto 

c^R"(/, Uq) = dRn{f^ Ui). 

C flpyroH CTopoHbi, Uq = U n Ui = Wu C^MJ" . 
JleMMa flOKasaHa. 
nojio>KHM Q^{x) = Qwu^ TO eCTb 

e^{x) = {00 G (0,r) : x{9o) G dU, x{e) eu, ee (0,^o)} • 
HanoMHHM, MTO corjiacHO ycjiOBHio (^o)? 

6^= U {xGC([o,r],M") :x(i) = Q(t,o,o, ^ G [o,r]}. 

eeac/:f}(r,o,c)=e 

Ha ocHOBaHHH 3aMeMaHH5i 1.2 h jieMMbi [L5] nojiy^aeM cjieflyiomee cjieflCTBHe 
H3 TeopeMbi 1.2. 

TeopeMa 1.3 Ilycmh eunojiHeno ycjioeue {Aq). UpednoAoofcuM, nmo Mx{0) ^ 
d.Afi ecex x G (3^. Togda d-Jin Kaofcdoso docmamoHHO MaAozo £ > monoAosu- 
HecKaM cmenewb d{I—Qs., Wjj) onpedeAena, u cnpaeedAuea CAedywui^aM (^opuyAa 

d{I-Qe,Wu) = {-ird^n{f, U)- 

J2 (-l)^^"W(^x,(0,min{e^(x)})), (1.59) 

IlpeflnojiojKHM Tenepb, mto 

(A-p) pemeHHe x CHCTeMbi (11.11) c HaMajibHbiM ycjiOBHeM x{to) = ^ cymecTByex, 
eflHHCTBeHHO H npoflOji>KHMO Ha OTpeaoK [0, r] npH jiioGbix to G [0, T], ^ G M" h 

£>0. 

IlpH ycjiOBHH (A-p) fljiH CHCTeMbi (11.11) npH jiK)6t.ix e > onpeflejien onepa- 
Top Ve IlyaHKape, cooTBeTCTByiomHii aafla^e o T-nepHOflHMecKHx pemeHH5ix flji5i 
(11.11) (cm. onpeflCJieHHe 1.2). B stom cjiy^ae mo>kho c{|)opMyjiHpoBaTb anajiorHM- 
Hoe TCopcMe 1.3 yTBep:>KfleHHe o TonojiorHMecKoii CTencHH onepaTopa I — Vs Ra 
U. 

/leiicTBHTejTbHO, cnpaBCflJiKB cjTeflyioiii,Hii ochobhoh peayjTbTaT. 



TeopeMa 1.4 TIpednojiootcuM, umo eunoAHenu ycAoeuM {Aq) u {A-p). Ecau 
^x(O) 7^ dAA AK)6o20 X G mo dAM ecex docmamoHHO MaAux £ > mo- 
noA02uuecKasi cmeneuh d^n[I — Ve, U) onpedeAena u Moofcem 6umh nocHumana 
no (jjopMyAe 

dMn{I-Vs,U) = {-irdun{f, U)- 

E (-l)^^^^^K (Mj, (0, min{e^(x)})) . (1.60) 

^OKasaTejibCTBO. Hs TeopeMbi 11.21 . yMHTbiBaa saMeqaHHe 11.21 saKjiioMaeM, mto 
cymecTByeT £o > Taxoe, mto flji5i jiK)6oro e G (0, eg] CTeneHb d{I — Qe, VF[/) 
onpeflejiena, h 

d{I-Qs^Wu) = {-irdRn{f,WunR^)- 

E (-l)^^"^^iM(M,,(0,min{e^(x)})). (1.61) 
CjieflOBaTejibHO, mtoGbi flOKaaaTb cjieflCTBne, flocTaTOHHO noKasaTb, hto 

d{I - Qe, Wu) = o?M" (/ - Pe, U) fljifl jiio6oro e G (0, eq], (1-62) 

H 

tiM«(/,Vl^c/nM") = rfM"(/,^). (1.63) 

CnpaBefljiHBOCTb ( 11.631) cjieflyeT hs jieMMbi [TT5l HTo6bi flOKaaaTb ( 11.621) . onpefle- 
jiHM Wl^ C C([0,r],M") KaK 

VF^ = {x G C([0,r],M") : Q,(0,t,x(t)) G t/, fljia jiio6oro t G [0,r]}, 

rfle - onepaTop cflBHra no TpaeKTopH5iM BOSMymeHHOH cncTeMbi ( 11.11) . YTBep- 
>KflaeTC5i, MTO cymecTByeT eg £ (0, eo] Taxoe, mto 

QeX 7^ X flji5i jiio6bix X G {Wu\Wl^) U (14^A^c/) H £ e (0, £o\. (1.64) 

IIpeflnojiojKHM npoTHBHoe, Torfla cymecTByiOT nocjieflOBaTejibHOCTH {efcjfceN C 
(0, eo], £fc ^ npn k ^ oo, {xk}keN C C([0, r],M'') Taxne, mto 

Xfc G (WuW'r) U (ly/f Wc/) , (1.65) 



H 

Xk npH A; ^ oo, r^e Qe^Xk = Xk- (1.66) 

JlerKO BHfleTb, mto (11.651) osHanaeT x G dWjj- 9tot 4)aKT BMecTe c (11.661) h 
npeflnojio>KeHHeM Mj(0) npHBOflHT k npoTHBopeMHio c yTBep:>KfleHHeM jieM- 
Mbi MajTKHHa (11.41) . CjreflOBaTejibHO, yxBep^KfleHHe (11.641) cnpaBefljiHBO h snaMHT 

d{I - Qe, Wu) = d{I - Qe, WIj) flji5i jiio6oro s G (0, eq]. 

TaK KaK fljifl jiio6oro e > MHOJKecTBa ?7 h VF^ HMeiOT o6iii,yK) cepLi,HBHHy no 
OTHomeHHio K aafla^e o T-nepHOflHHecKHx pemeHH5ix fljia (11.11) (cm. [21], §28.5), 
TO (cm. [21], TcopcMa 28.5) hmccm 

d{I — Qe, WIj) = (iRn(/ — Ve.U) flji5i jiio6oro e > 

H, TaKHM o6pa30M, (11.621) flOKasano. 
TeopcMa flOKaaana. 

SaMBMaHHe 1.3 Ms (f)opMyAU ill. 611) cjiedyem, umo ecAU %uka x G UMeem 
c 2paHuv,eu dU eduHcmeeHHyH) o6iny'io mouKy, mo amom %uka ne eAUMem na 
d]Rn(/ — Ve, U), 2(9e e > docmamouHo uaAo. 

I. 3 TeopeMbi o npo/i,oji:aceHHH T-nepno^HHecKHx pemeHHH 

H3 U no napaMGTpy 

Ha ocHOBaHHH noflxoflflmero Bbi6opa MHO>KecTBa W C C([0, T], M"^), ynacTBy- 
lomero B {|)opMyjie TeopeMbi 1.2, b stom nyHKTC 4)opMyjiHpyiOTC5i HCKOTopbie 
pesyjibTaTbi o cymecTBOBanHH T-nepHOflnnecKHx pemenHft fljiH CHCTCMbi (11.11) , 
rfle £ G (0, Eq]? cxofl5iiii,Hxc5i npn £ ^ k jie>Kaiii,HM b U T-nepHOflnnecKHM peme- 
HH5IM CHCTCMbi (11.21) . TaKHC pcsyjibTaTbi Ha3biBaiOTC5i pesyjibTaTaMH o npofloji- 
^KCHHH T-nepHOflHHecKHx pemeHHH chctcmm (11.11) npn yBejinnenHH napaMCTpa 
£ > OT Hyji5i flo £o > (cm. [50]). 



TeopeMa 1.5 TIpednojiootcuM, umo ece HenocmoMHHueT-nepuoduuecKue peme- 
HUM cucmeMU (il.^) MeAMwrncM npocmuMU u^uKAaMU smou cucmeMU. To2da, 
Sam ak)6o20 omKpumo20 ozpanuueHHOzo MHOofcecmea W C C([0, T], M"^), co- 
depotcameso ece nocmoHHHue pemenuM, cucmeMU u ydoeAemeopMwinego 

ycAoeusiM 

&w KoneHHo, Mj;{0) ^ Baji A106020 x G &w 



u 



(-iNR«(/,w^nR")- 

E (-l)^^'^^K (0' min{eM.(x)})) ^ 0, 

cymecmeyem Eq > manoe, umo npu ecex e G (0, £0] cucmeMa ( fj.il ) UMeem 
T -nepuodunecKoe pemenue e W. 



ripeflnojiojKeHHfl TeopeMbi 11.51 osHaqaiOT. mto MHO>KecTBO coflep>KHT tojib- 



KO npocTbie Li,HKjibi CHCTeMbi (11.21) . CjieflOBaTejibHO, TeopeMa II. 51 cjie^yeT h3 Teo- 



peMbi [L2]h TeopeMbi Jleps-IIIayflepa o HenoflBH:>KHOH TOMKe (cm. [22], Tji. 1, § 7 



HjiH [21|, TeopeMa 20.5). 

CjieflCTBHe 1.2 UpednoAODfcuM, umo ece HenocmonHHueT-nepuodunecKue pe- 
menuM cucmeMU jll.^) MeAMTomcM npocmuMU v^uKAaMU cucmeMU jil.^) . Uped- 
noAOQtcuM, umo cymecmeyem ouiKpumoe ozpanuneHHoe MHODfcecmeo W C 
C([0, T], M"^), codepDfcaijuee ece nocmoHHHue pemenuH cucmcMU u ydo- 

eAemeopMwmee ycAoeuTO 

(3w KOHCHHO, Mx{0) ■ Mx{mm{Qw{x)}) > 

(1.67) 

dAJi Am6o2o X G &w TnaKoso, huio Qw{x) 7^ 

u ycAoeuK) 

{-iTd^^{f^wnw)^o. 

Tozda, npu docmamouHO uaAux e > cucmeMa ( fi.il ) UMcem T -nepuoduuecKoe 
pemenue e W. 



^OKasaTejibCTBO cjieflCTBH5i 11.21 BbixeKaeT h3 yTBep>KfleHH5i ( II. 671) , osnaMaio- 



mero (cm. [21], § 3.2), mto {M^^ (0, min{0^(a:)})) = fljiii jiK)6oro x £ &w 
TaKoro, MTO Qw{x) 7^ 0- 

PaccMOTpHM Tenepb neKOTopbie npHjio^KeHHa TeopeMbi 11.11 k aafla^e o cy- 
mecTBOBaHHH B CHCTeMe ( 11.11) T-nepHOflHMecKHx pemenHft 6jih3khx k npocTOMy 
Li,HKjiy CHCTeMbi ( 11.21) . BHanajie ycTaHOBHM cjieflyromnii pesyjibTaT. 

TeopeMa 1.6 Uycmt x - npocmou T -nepuoduuecKuu v^uka cucmeMU (23). 
nycmt) < ^1 < ^2 ^ ^1 + ^5 2(?e p ^ N u j fioAnemcM, nauMewbiuuM ne- 
puodoM VfUKAa X. UpednoAOQfcuM, umo 

M^iOi) ■ M^{02) < 0. (1.68) 

06o3HaHUM Hepes O MHOofcecmeo ecex uyAeu (fiyHKUt^uu na (^1,^2)- Tozda, 
dAM docmamoHHO uaAux e > 0, cucmeMa jil.ll) UMeem T -nepuodunecKoe peme- 
Hue Xs maKoe, umo 

p{xe{t),x{t + e)) ^0 npue^O. (1.69) 
^OKasaTejibCTBO. SaivieTHM, mto ycjiOBHe ( 11.681) osHa^aeT 

H, TaKHM o6pa30M, ycjiOBHH TeopeMbi 11.11 vflOBjieTBopeHbi. 3a(|)HKCHpyeM a > 0, 
H3 TeopeMbi 11.11 HMeeM ^0 > Taxoe, mto flji5i jiK)6oro £ G (0,(5q^") TonojiorH^e- 
CKasi CTeneHb d{I — Qg, VFy^^^^) onpeflejiena npn 6(e) = £^(1+")^ jj 

dil - Q„ WvsJ = {-lf^M^{M~,, (^1, ^2)). 

Hs ( 11.681) TaKJKe HMeeM (cm. [21], §3.2), mto \d^{Mx^ (^1, ^2))! = 1 h, TaKHM o6pa- 
30M, flJI5I jiio6oro £ G (0, (5j+") CHCTCMa ( 11.11) HMecT T-nepHOflHMecKoe pemeHne 
Xe TaKoe, MTO ^£(0) G V^(£). Bojiee Toro, h3 CBoiicTBa 1) TeopeMbi 11.11 saKjiioqaeM 

p (x,(0), x([^i, ^2])) < 5[£) = (1.70) 



riycTb = n(0, t, ^^(t)), Torfla corjiacHO jieMMe [TTT] 

CjieflOBaTejibHO, cymecTByeT Mi > TaKoe, mto 

||z/e(0) - iys{t)\\ < Mi£ flji5i jiio6bix £ G (0, (5j+") H t G [0,r]. (1.71) 

C flpyroii CTopoHbi, i^e(O) = a:e(0) h, TaKHM o6pa30M, h3 (11.701) h (11.711) fljia 
jTio6oro e G (0, ^q^") h jiio6oro i G [0, T] cnpaBeflJiHBO cooTHomenHe 

p{Ve{t),x{[ei,e2])) < \\Ve{t)-Xem\ + 

+ p(x,(0),x([^i,^2])) < (l + Mi£"/(i+")) . (1.72) 

TaK KaK fljifl jiK)6oro ^ G [^1,^2] HMeeM ||3:e(^) — x{t + ^)|| = \\x{t,Vir{t)) — 
x{t,x{9))\\, H, KaK 3T0 yyKQ 6bijio saMeneHO b flOKaaaTejibCTBe TeopeMbi 11.11 
(|)yHKi],H5i a:(-, •) nenpepbiBHO flH(J)(J)epeHLi,HpyeMa no o6ohm nepeMennbiM, saKjiio- 
MaeM, MTO cymecTByeT M2 > TaKoe, mto 

\\Xe{t) -x{t + e)\\ < M2\\Ve{t) -X{e)\\ (1.73) 

jiio6bix £ G (0,(5(5+"), ^ ^ [0'^]' ^ ^ [^1,^2]. noflCTaBjiM ( 07721 ) b ( ILTHD . 
nojiynaeM, hto fljia jTK)6bix £ G (0, (5o+") h ^ G [0, T] BbinojineHO 

p{Xe{t),x{t^ [61,62])) < £^/(^+")M2 (1 + Mi£"/(1+")) . (1.74) 

Ilpeflnojio^KHM Tenepb, hto (11.691) ne yflOBjieTBopeno, cjieflOBaTejibHO, cymecTsy- 
eT (5^ > 0, a TaK>Ke nocjieflOBaTejibHOCTH {e^lfceN C (0, ^q+"), £k ^ Q npn 
/c ^ cxD, H {tfcjfceN C [0, T] TaKHe, hto 

Xe^k) ^ Bs^{x{tk + 6)) fljifl jiio6oro A; G N. (1.75) 

Bea orpaHHneHHfl o6iii,hocth mo^kcm CHHTaTb, hto nocjreflOBaTejibHOCTH {x^lfc^N 
H {^fcjfcGN cxofl5iTC5i. ToFfla nojib3y5icb (11.741) , nojiy^aeM cymecTBOBaHne 6^ G 
[^1, ^2] TaKoro, MTO 

3^fc(^) ^ ^(^ + npn A; ^ 00 (1-76) 



paBHOMepHO no OTHomenHio k t G [0?^]- Ha ocHOBanHH jieMMbi MajiKHna 
(jieMMa 11.41) H3 (11.761) saKjiiOHaeM, mto M^{6^) = 0. C flpyrofi CTopoHbi, h3 
(11-751) HMeeM x{to + 6^) ^ Bs^/2{^{to + rfle to = limfc^oo^fc, h, ananHT, 
x{9^) ^ Bs^/2{x{Q)). /]^ocTHrHyToe npoTHBopeMne flOKasbmaeT cnpaBefljiHBOCTb 
cooTHomeHHH (11.691) . 
TeopeMa flOKaaana. 

SaMenaHHe 1.4 /^OKaaameAhcmeo meopeMU npedocmaeAMem UH^opua- 
u^uK) CKopocmu cxoduMOcmu T -nepuoduuecKux pemenuu cucmeMU ( fi.il ) k 
npocmoMy ut^uKAy cucmeMU JJ^eucmeumeA'bHO, U3 (il.74\) CAedyera, nmo 



paccmoMHue Meofcdy mpaeKmopueu T -nepuoduuecKogo pemenuM x^ u npocmuM 
%UKAOM X UMeem nopndoK zde a > - npouseoAtnoe sapanee (f)UKCu- 

poeauHoe hucao. 

B rjiaBe [3] 6yfleT ycTaHOBjieno, hto, na caMOM flejie, HMeex mccto 66jibmafl 
CKopocTb, HCM yKaaaHHaii b saMeMaHHH 1.4, ho sto noTpe6yeT SHanHTejibHO 6ojiee 
flOJirnx paccy>KfleHHH. 

CjieflCTBHe 1.3 Ilycmh x - npocmou T -nepuoduuecKuu %uka cumeMU jil.^) . 
UpednoAODtcuM, nmo cymecmeyem 9q G [0, T\ maKoe, nmo 

Mx{Oo) = u Mx cmpozo MOHomoHua e Oq. (1-77) 

Tozda dAM, ecex docmamoHHO mqaux e > cucmeMa ( fi.il ) UMeem T- 
nepuoduuecKoe pemenue x^, ydoeAemeopsiwiu^ee 

Xe{t) x{t + ^o) npu £ ^0. (1.78) 



CjieflCTBHe 11.31 nenocpeflCTBeHHO BbiTexaeT h3 xeopeMbi 11.61 b KOTopoft 9i < 



9o < 02 B35ITbI flOCTaTOMHO 6jIH3KHMH K ^Q- 

Cjie;];cTBHe 1.4 TIpednoAootcuM, nmo f - oduH pas u g - mpu pasa nenpepue- 
Ho ducf)cf)epeHVfUpyeMue ^yuKv^uu. Tlycmh x - npocmou T -nepuodunecKuu %uka 



cucmeMU jil.^) . UpednoAODfcuM, nmo d,/iM ueKomopozo 6q G [0, T] eunoAHeno 

MM) = M^(^o) = M^(^o) = 0, M^'(^o) 7^ 0. 

Tozda dAM, docmamouHO MaAux £ > cucmeua (il.ll) UMeem T -nepuoduuecKoe 
pemenue Xg, ydoeAemeopMTomee ceoucmey ^1.78\) . 

1.3.1 OopMyjia flJia cjjasbi T-nepHO^HHecKHx penieHHH CHHycoH^ajib- 

HO BOSMymeHHblX CHCTeM 



npeflnojio:a^HM, mto BOSMymeHHaa CHCTeMa (II. 11) HMeeT bha 

X = f{x) + £ 



I N 



sm —=—i qix) , 



;i.79) 



rfle : ^ M - HenpepbiBHasi 4)yHKLi,H5i h A; G N. 

Torfla flji5i (]3yHKLi,HH MajiKHHa (11.111) HMeeM cjieflyiomee npeflCTaBjieHHe 

(27rk \ f 2'Kk \ 

-jrO] Msin - sin ( j ^cos, 

rfle 

T 

Msin = sign <^x(0), z(0)^ ^ i2(r) sin (^^^^ 9{x{T))dT, 



T 

Mcos = sign (|x(0), 2(0)^ y i2(r) cos (^^^^ g{x{r))dT. 



Ilojibaysicb yKasaHHbiM npeflCTaBjieHneM h cjieflCTBHCM 11.31 nojiynaeM cjiefly- 
lomee yTBep^KfleHHe. 

CjieflCTBHe 1.5 Uycmb x - npocmou T -nepuoduuecKuu v^uka cucmeMU (il.^) . 
UpednoAOQfcuM, nmo Mcos 7^ 0. Tosda naotcdoMy HUCAy 



rarctg(M3in/Mcos)+r7rj 

2TTk 

u 6ceM docmamoHHO uaAUM £ > coomeemcmeyem T -nepuodunecnoe pemenue 
Xj^s cucmeMU jil. 7S\) maKoe, umo 



^eftcTBHTejibHO, noflCTanoBKOH npoBep5ieTC5i, mto MHCJia 9j, j = 1, 2k, yflo- 
BjieTBopaiOT ypaBHeHHio M^{6) = h CBoiicTBy (Mj)' [6) ^ 0. 

IlojiyMeHHoe cjieflCTBHe no3BOJi5ieT rapaHTHpoBaxb cymecTBOBanHe T- 
nepHOflHMecKHx pemeHHii b Tex cjiynaax, r^e aHajiHTHMecKoe BbiHHCjieHHe pe- 
meHHH nopo>KflaK)iii,eH CHCTeMbi ( 11.21 ) saTpyflHHTejibHO, a npoBepxa cnpaBefljiH- 
BOCTH HepaBencTBa Mcos 7^ B03M0>KHa. 



ITpHMep 1.1 J\ji5i o6o6iii,eHHOH cncTeMbi XHiii,HHK->KepTBa (cm. [9], §5.3) 

xi = kixi - ^ - /caxf, 

X2 = k^X2 + £{11x7 + z/Xi ) sm —t , 

fi^o + a^i V / 

rfle a"^ := max{a, 0}, a~ := max{— a, 0}, flonycKaiomeH b onpeflejieHHoii 06- 

jiacTH HSMeHeHHfl napaMexpoB /cq, ...,/c5 npocToii li,hkjt x neKOToporo nepnofla 



T > 0, cjieflCTBHe 11.51 rapanTHpyeT cymecTBOBaHHe no KpaftHeft Mepe flByx 
T-nepHOflHMecKHx pemeHHii b6jih3h x fljisi flocTaTOHHO Majibix e > h Taxnx 
yU, G M, npH KOTopbix Mcos 7^ 0. 



1.4 ConocTaBjieHHe nojiyHennbix pesyjibxaTOB c HMeK)iii,H- 
MHca B jiHTepaxype 

B cjiynae, Korfla 

Qqx 7^ X fljiH jiK)6oro a: G c^VF, (1-81) 

dMn(/,H/nM")7^0, (1.82) 

aaflana o cymecTBOBanHH T-nepHOflnnecKHx pemenHft fljiH ( 11.11) pemena A. Ka- 
neTTO, yK. MaBeHOM h O. SaHOjiHHOM b [50]. Ohh ycTaHOBHjiH ([50], cjieflCTBHe 1), 
HTO npH ycjiOBHHx ( 11.811) h ( 11.821) cnpaBefljiHBa 4)opMyjia 

d{I - Qo, Vl^) = (-1)"^M"(/, n M"), (1.83) 



BnepBbie nojiyMeHHa^ M. A. KpacHocejibCKHM h A. H. IlepoBbiM fljia o6iii,ero 
cjiy^afi HeaBTOHOMHOH nopo>Kflaioiii,eH cncTeMbi, cm. [40] (c. 108) hjih [18j. B 
cjiy^ae, Korfla pemenHH CHCTeMbi ( II. II) yflOBjiexBopHiOT ycjiOBHHM eflHHCTBen- 
HOCTH H HejiOKajibHoii npoflOji>KHMOCTH, 4)opMyjia (11.831) flji5i MacTHbix cjiynaeB 
MHO>KecTB W ycTaHOBjiena H. BepniTeftHOM h A. XajianaeM [1]. 
Ha ( 11.831) cjieflyeT, mto 

4/ - Q„ W) = {-ird^n{f, W n M") (1.84) 

flji5i jiio6bix flocTaTOMHO Majibix £ > 0. CjieflOBaTejibHO, npn ycjiOBH5ix ( 11.811) 
H ( 11.821) CHCTeMa ( 11.11) HMeeT T-nepHOflHHecKoe pemenHe b W fljia jTio6oro T- 
nepHOflHHecKoro no nepBoft nepeMeHHoii BOSMymeHHH g h jiK)6oro flOCTaTOHHO 
Majioro £ > 0. SaMeTHM, hto npeflnojiojKeHne ( 11.821) osHanaeT, mto MHO>KecTBO 
W oGflsaTejibHO coflep>KHT nocTOHHHoe pemenHe nopo>Kflaioiii,eH CHCxeMbi ( 11.21) . 

B HacTOiimeH rjiase ycjiOBne ( 11.811) He Tpe6yeTCH, to ecTb peapemaeTCsi, hto- 
6bi dW coflep^Kajio nenoflBH^KHbie tohkh onepaTopa Qo, h nojiyneHHaii (j^opMyjia 
( 11.481) TeopeMbi 11.21 aBjiaexcH o6o6iii,eHHeM 4)opMyjibi ( 11.841) . Otmcthm, mto xeo- 



peMa [L2] mo^kct rapaHTHpoBaTb, hto (i(/ — Qe, VF) 7^ fla>Ke b cjiynae, Kor^a 



c^R"!/, n M") = 0, TO ecTb 6e3 hbhofo TpeGoBanHH tofo, mto MHO>KecTBO 
coflep>KHT nocTOHHHoe pemeHHe cncTeMbi ( 11.21) . 

BTopoH HjieH B npaBoii nacTH 4)opMyjibi ( 11.481) cxo>k c aHajiornnHbiM Hjie- 
HOM 4)opMyjibi KpacHOcejibCKoro-3a6peHKO fljia noflcneTa HHfleKca Bbipo^Kflen- 
Hoii HenoflBHJKHoii tohkh onepaTopa Qq na ocHOBe cy>KeHH5i SToro onepaTopa 
Ha HOflHpocTpancTBO (b HameM cjiynae na OflHOMepnoe), cm. ([21], (i)opMyjia 
24.13). OflHaKO, cooTBCTCTByiomaa TCopcMa, nojiyneHHafl M. A. KpacHOcejib- 
CKHM H n. n. 3a6peHKO ([21], TCopcMa 24.1), Mo:«;eT 6biTb npHMeHCHa TOjibKO 
B cjiynae, Korfla onepaTop Qq hmcct cneLi,HajibHyio (|)opMy, rapaHTHpyromyio, 

MTO Qo HMCCT TOJIbKO HSOJIHpOBaHHbie HCnOflBH^KHbie TOMKH. TaKOC CBOHCTBO 

B paccMaTpHBacMOM cjiynae ne BbinojiHeno, Tax KaK jiioGoe T-nepHOflnnecKoe 
pemeHHe aBTOHOMHoft chctcmbi ( 11.21) 5iBJiijeTC5i HenaojinpoBaHHOH HenoflBH^KHOH 



TOMKoft onepaTopa Q[ 



YTBep^KfleHHe cjieflCTBHs 11.21 cosnaflaeT c yTBep^KfleHHeM KaneTTO-MaBeHa- 
SanojiHHa (|[50j, xeopeMa 2), ho b nocjieflneft paGoxe flonojiHHTejiBHO TpeGyexcH, 
MTo6bi MHO^KecTBO dW He coflep:>Kajio T-nepHOflHMecKHx pemeHHii cncTeMbi (11.21) . 

B pa6oTe |29) H. T. MajiKHHbiM ycTanoBjien cjieflyromnft pesyjibxaT (cm. [29). 
yTBep^KfleHHe c. 638 hjih [30], TeopeMbi cc. 387 h 392). Uycmh / : M" ^ - 
oduH pas u g : M X x [0, 1] M" - dea pasa Henpepueno ducf)cf)epem^upy- 
eMue (^yuKv^uu. Uycmh x - npocmou T -nepuoduuecKuu ii,uka cucmeMU ( fi.^ ). 
UpednoAODfcuM, umo cyui,ecmeyem 9q G [0, T] maKoe, umo M^{9q) = u 

(M^YiOo) ^ 0. (1.85) 

Tozda, dAM ecex docmamoHHO uaAux e > cucmeMa (Ely donycKaem T- 
nepuoduuecKoe pemenue x^, ydoeAemeopsuoui^ee ceoucmey 

Xe{t) ^ x{t + Oo) npH£^0. (1.86) 

TaKHM o6pa30M, ycTaHOBjienHbie b HacTOflmeft rjiaBe Teopeivra 1.6 h cjiefl- 
CTBHe 11.31 flBji5iK)TC5i o6o6iii,eHHeM TeopeMbi MajiKHHa Ha cjiyMafl, Kor^a bmccto 



(11.851) HMeeTC5i jih6o cbohctbo Mj(^i) • Mj(^2) < 0, r^e < < ^2, jih6o 
CTporaH MOHOTOHHOCTb 4)yHKLi,HH B 9q, a TaK^Ke Ha cjiynaft HeflH4)4)epeHu,H- 
pyeMbix HpaBbix MacTeii. 

CjiynaH, Kor^a (11.851) ne Bbinojineno, 6biji HCCJieflOBan B. JlyflOM b |60) . 
Toro, MTo6bi c{J)opMyjiHpoBaTb ero peayjibTaT, BBe^eM HeKOTopbie o6o3HaMeHH5i. 
BHanajie, noBepneM h nepeneceM KOopflHHaTHbie och Tax, mto x{0) = h x{0) = 
(a;i(0), 0, 0) . IlycTb il^ - onepaxop cflBHra no TpaeKTopn^M BOSMymenHoft 

CHCTeMbI (11.11) . IIOJIOJKHM F(^, e) = ^^(r, 0, ^) — ^, TaK KaK LI,HKJI X npOCTOH, 

TO n — 1 ypaBHeHHH CHCTeMbi F(^, e) = MoryT 6biTb pemenbi b6jih3h no 
OTnomennio k r^e k G {1, 2, n}, n b pesyjibTaTe nojiynnM CKajiapnoe 
ypaBHenne H{u, e) = 0. IlycTb - flecKpHMnnaHT ypaBHenna 
1 d^H , , , 1 d^H , , Id^H , , 



B. Jlyfl ([60], TeopeMa 2) ycTanoEHji, mto ecAU f - mpu pasa u g - dea pasa 
HenpepuBHO du^^epenu^upyeMue ^yuKv^uu, 

> 0, (1.87) 

u dA^ HeKomoposo Oq G [0, T] ydoGAemeopfiiomieso M^(6q) = eunoAHeno 

(M^neo) = u 

(M^neo) = 0, (1.88) 

mo dAM ecex docmamouHO mqaux e > cucmeMa ( fi.-?l ) UMeem T -nepuodunecKoe 
pemenue Xg, ydoeAemeopMfomee ycAoeufo cxoduMOcmu ill.86\) . 



B cjiy^ae, Korfla Mj(-) - TOJKflecTBeHHbiii nyjib, B. Jlyfl b [60| BbiBOflHT h3 
npHBefleHHoro peayjibTaTa TeopeMy o cymecTBOBaHHH T-nepHOflH^ecKHx peme- 
HHii flji5i (11.11) b6jih3h X. Ho p,axe b cjiynae, Korfla (Mj)'"(^o) 0? npoBepxa 
ycjiOBHH (11.871) - flajieKO ne oneEHflHaH aafla^a (sflecb npeflnojiaraexcH, mto g Tpn 



paaa nenpepbiBHO flH4)4)epeHi],HpyeMa5i (J)yHKLi,H5i). 3to saMe^aHHe oGycjraBjiH- 
BaeT aKTyajibHOCTb cjieflCTBH5i 11.41 HacT05iiii,eH rjiaBbi. 

BjiHSKHe cjieflCTBHio 11.51 peayjibTaTbi hmciotch b KHHre J^yK. FyKeHxeftMepa 



H O. XojiMca [To] (npHMep c. 250-251), ho b hex, BO-nepBbix, paccMaTpHBaeTC5i 
He (J)yHKLi,H5i MajiKHHa, a (|)yHKLi,H5i MejibHHKOBa (cm. saMenaHne 2.2 no hobo- 
fly cooTBeTCTByK)ni,ero onpeflejieHH5i) , BO-BTopbix, npeflnojiaraexcH HenpepbiBHan 
flH4)4>epeHi],HpyeMOCTb Bxofl5in],eH b npaByio nacTb CHCTeMbi ( 11.11) (J)yHKH,HH g. 
BbiMHCJieHHe 4)yHKH,HH MajiKHHa fljia mnpoKoro Kjiacca B03Myni,eHHbix CHCTeM 
npoBefleno b KHHre H.H. BjiexMana [5], ho yKasannbie b cjie^CTBHH II . 51 4)opMyjibi 

TaM OTCyTCTByiOT. 

OTMeTHM, MTO CHTyaH,H5i, KOPfla nepHOflbi B03Myn],eHH5i H nopo>Kflaion],ero li,hk- 
jia necoHSMepHMbi, naynena b MOHorpa4)HH B. H. Apnojibfla [3]. 

06cyflHM KpaTKO ny6jiHKaLi,HH aBTopa flHccepTaLi,HH no pesyjibTaTaM nacTOH- 
n],eH rjiaBbi. ripeoGpasoBanne cncTeMbi, paccMOTpennoe b jieMMe [LTl yxasano b 
(|24). 4)opMyjia 6). OcnoBnasi TeopeMa rjiaBbi (TeopeMa 1 1.21) , CB5i3anna5i c Bbinnc- 
jienneM CTenenn d(I — Q^, W) n na KOTopoii ocnoBan reoMeTpnnecKHH BapnanT 



pemeHHfl aafla^H H. F. MajiKHna (TeopeMa ll.61) . onyGjiHKOBana b |28) . OopMyjibi 
flji5i (|)a3bi T-nepHOflHMecKHx pemeHHii CHHycoHflajibHO BOSMymeHHbix CHCTeM 
(cjieflCTBHe II .SI) B cjiy^ae flBa^Kflbi nenpepbiBHO flH4)4)epeHLi,HpyeMbix CHCTeM 
nojiyMeHbi b [27] (cm. yTBep:>KfleHH5i c. 151-152). PaccMOTpeHne npHMepa 11.11 
CB5i3aHHoro c MOflejibK) XHiii,HHK-}KepTBa, npoBefleno aBTopoM b |61) . 



FjiaBa 2 



Bo3Myiii;eHHa CHCxeM, ^onycKaioiii,Hx 
ceMeiicTBO T-nepno^HHecKHx pemeHHii, 
HanajibKbie ycjiOBna Koxopbix sanojinaiOT 
rpaHHii,y neKOToporo OTKpbiToro 
MHo:)KecTBa U C MP 

B 3T0H rjiaBe Hay^aeTCfl aafla^a o cymecTBOBanHH T-nepHOflH^ecKHx pemeHHii 
B CHCTeMe BHfla 

X = f{t,x) +£g{t,x,£), (2.1) 

jie>Kan],Hx b saflanHOM otkpbitom orpaHHHeHHOM MHO^KecTBe U C M", rpanH- 
ii,a dU KOToporo coctoht h3 HaMajibHbix ycjiOBHfi T-nepHOflHHecKHx pemenHH 
nopo>KflaK)iii,eH CHCTeMbi 

x = fit,x). (2.2) 

riojiyHeHHbie pesyjibTaTbi hosboji^it TaK>Ke yxasaTb ycjiOBH5i cymecTBOBaHHil Ta- 
KHX T-nepHOflHHecKHx pemeHHii fljiH ( 12.11) , HanajibHbie ycjiOBHH KOTopbix 6jth3kh 
K rpaHHn,e MHO^KecTBa U. PaccMOTpeHne 9Toii CHTyan,HH MOTHBHpoBaHO aafla^eii 
o po^KfleHHH T-HepHOflHHecKHx pemeHHii flByMepnoii CHCxeMbi (12.11) h3 n,HKjia x 
CHCTeMbi (12.21) . B cjiy^ae, Kor^a nocjieflHM aBTOHOMHa. LI^hkji x nrpaeT b stom 
cjiy^ae pojib rpaHHi],bi MHO>KecTBa ?7 C (cm. TeopeMy 12.51 HacT05im,eii rjiaBbi). 



Bciofly npeflnojiaraeTCfl, mto / : M x M" ^ M"^ - nenpepbiBHO flH(J)4)epeHLi,Hpy- 
eMa5i H (/ : M X X [0, 1] ^ - HenpepbiBHaii T-nepHOflHMecKHe no nepBofi 
nepeMeHHOH 4)yHKi],HH. 

J\ji5i pemeHH5i nocTaBjieHHoii saflann paccMaTpHBaeTC5i Bonpoc o BbinncjieKHH 
TonojiorHMecKOH cxeneHH d{I — Qe, Wu) SKBHBajieHTHoro HHTerpajibHoro onepa- 
Topa 

t t 
{Qsx){t)=x{T) + j f{T,x{T))dT + e j g{T,x{r),e)dT, [0,r], 



Ha MHO>KecTBe 

Wu = {xe C([0, T], M") : x{t) G U Jiio6oro t G [0, T]} . 

2.1 OopMyjia BbiHHCjieHHa TonojiorHHecKOH cxeneHH 
HHTerpajibHoro onepaxopa, SKBHBajieHTHoro sa^ane o 
T-nepHO/i;HHecKHx pemeHHax c HanajibHbiMH ycjiOBHa- 

MH B U 

PacnpocTpaHeHHbiM HHCTpyMeHTOM HsyneHHii cncTeM BHfla ( 12.11) iiBji5ieTC5i cjie- 
flyiomaa BcnoMoraTejibHaii cncTeMa (cm. [29], {]DopMyjia 3.8) 

ij = f[^^{t, 0, 0)y + 9{t. ^{t. 0, 0, 0), (2.3) 
rfle Q - onepaTop cflBHra no TpaeKTopn^M cncTeMbi ( 12.21) n ^ G MJ^ - napaMeTp. 

Onpe^ejieHHe 2.1 OyuKv^un : M", sadanuaM, d.fiM, KacHcdozo s G [0, T] 

Kan 

^■^(0 = ^(r,s,0-T/(o,s,o, 

zde r]{-,s,^) - pemenue cucmeMU ^2. 51 ). ydoG.fiemeopM.iomfie HanaAhHOMy ycAO- 
euK) ?7(s, s,^) = 0, HasueaemcM o6o6ineHHUM onepamopoM ycpedneHusi no om- 
HoiueHuw K T -nepuodunecKou cucmeMe ^2.1\) . 



riycTb - o6o6iii,eHHbiH onepaxop ycpeflHenHH, cooTBeTCTByiomHii CHCTeMe 
( 12.11) R Vq - onepaTop HyaHKape CHCTeMbi (12.21 ') . HaM noHafloGnTca cjieflyiomee 

CBOHCTBO. 

JleMMa 2.1 Jl^AM Aw6ux ^ G MJ^ u s,9 E [0, T] cnpaeedAuea ^opuyAa 

e 

s 

EcAU donoAHumeAhHO useecnmo, nmo Vq{^) = ^, mo 

s 

$■^(0= y n;3)(0,r,Q(r,0,OMr,n(r,0,0,0)(ir 
rapw ecea: s G [0, T]. 

^OKasaTejibCTBO. SaMexHM (cm. [20], xeopeivia 2.1), mto MaTpHLi,a ^'^3^(^,0,^) 

5IBJI5ieTC5I 4)yHflaMeHTajIbH0H MaTpHLI,eH flJI5I JIHHeilHOH CHCTeMbi 

^ = /('2)(^,^^(^,o,0)?/, 

Q|3^(0, il(i, 0, ^)). /l^eficTBHTejibHO, flH(i)(i)epeHLi,H- 

n(o,t,n(i,o,0) = ^, ^gk", 

nojiy^aeM 

n;3)(o,t,Q(t,o,o)^(^,o,o = ^, ^e^"- (2.4) 

CjieflOBaTCJibHO, no (|)opMyjie BapHaLi,HH npoHSBOJibHoii nocTOHHHoii flJiH neoflHO- 
poflHOH CHCTCMbi (12.31) nojiyMacM 

t 

Vit.s.i) = y^3)(i,0,0(^^(r,0,0r'^(r,n(r,0,0,0)(ir = 

s 

= n[,^{t,0,0 J n;3)(0,r,n(r,0,OMr,n(r,0,0,0)cir. 



npHMCM (^n'^3^(^, 0, ^) 
py5i no 1^ TOJKflecTBO 



riepBafl 4)opMyjia jieMMbi flOKaaana, nepexoflHM k flOKaaaTejibCTBy BTopoft 4)op- 
Myjibi. HMeeM 

T 

$^(0 = ^^(3)(r,0,0 J (n(r,0,Or'^(r,^^(r,0,0,0)rfr- 

s 



- y (n(r,0,Or'^(r,n(r,0,0,0)rfr. (2.5) 

s 

ripoHSBOflfl saMeny nepeMennbix r = w + T b HHTerpajie 

T 

J = n;3)(r,0,O y (n(r,0,Or'^(r,n(r,0,0,0)(ir, 

s 

H yHHTbiBa5i, MTO 'Po{^) = ^, nojiyMacM 



j = n[,^{T,o,o J mT + u,o,or'9{T + u,n{T + u,o,o,o)du = 

s-T 



= $(r)e^^ y" (n(r + 7i, 0, 0)"' 0, 0.o)dT = 



s-T 





S-T 



rfle $(t)e - npeflCTaBjieHHe Ojioxe HopMHpoBaHHoii npn t = 4)yHflaMeHTajib- 
Hoii MaTpH^bI nj3)(t,0,0 (cm. plj, Tji. Ill, § 15). Tax xax e^* (^(t, 0, 0)"^ = 

$"^(t), TO 



u 

J = $(0) y e-^V"(^^(w,0,0)"'5(^,^(^,0,0,0)dr = 



s-T 





= y (n(w,0,O)"'^(w,f^(^,0,O,0)tir. 



s-T 



rioflCTaBJiflfl nojiy^eHHoe Bt.ipa»:eHHe b (12.51) . nojiy^aeM 



^%0= J (O(r,0,Or'^/(r,n(r,0,O,0)^ir+ 

s-T 

s 

+ J (n(r,0,Or'5(r,n(r,0,0,OVr = 



s 

= I (Q(r,0,Or'^(r,n(r,0,0,0)Gfr. 

s-T 

JleMMa flOKaaaHa. 

Mmcct MecTO cjieflyiomHii pesyjibTaT. 

TeopeMa 2.1 nycmt Vo{^) = ^ Oam ah)6ozo ^ G dU. Ecau 

^^{0 AK)6o2o ^ G dU u AK)6o2o s G [0,r], 
mo cymecmeyem Eq > maKoe, nmo npu £ G (0, Eq] cnpaeedAueu CAedywui^ue 
ymeepDfcdeHUM 

1) Bah ak)6o2o x G C([0, T], M"") maKozo, umo Q^x = x umccm x{t) ^ dU Bam 
ecex t G [0, r], e uacmHocmu, onepamop Qs ne UMeem nenodeuotcHux moneK 
Ha dWu] 

2) d{I-Qe^Wu)=d«,n{-^T^ jjy 

^OKasaTejibCTBO. IIojio^khm 

T,(t, = f^(3)(o, t, n{t, 0, 0)9{t, n{t, o, 

CorjiacHO jieMMe 11.11 Ka^Kfloii HenoflBH:«;HOH tomkc h3 Wjj onepaTopa Qs coot- 
BCTCTByeT HenoflBH>KHaa TOHKa ( 11.51 ) onepaTopa 

t 

{G,u){t) = n{T,0,u{T)) + J T,(r,Kr))rfr, 



KOTopaH, KaK jierKO npoBepHTb, bhobb npHHafljie»cHT Wu. CjieflOBaTejibHO, ecjiH 
d{I — Gg, Wjj) onpeflejieH, to b CHjiy TeopeMbi o6 SKBHBajieHTHbix BexTopHbix 



nojiflx (cm. [21) . TeopeMa 26.4) HMeeM 

d{I-Qe,Wu) = d{I-Gs,Wu). 

B npocTpancTBe C([0, r],M'^) paccMOTpHM BcnoMoraTejit.Ht>iii BnojTHe nenpe- 
pbiBHbiH onepaTop 

T 

{A,v){t) = n{T,0,v{T))-E j T,{T,v{T))dT 



H noKajKCM, MTO npH flocTaxoMHO Majibix e > nojia I — Ge m I — roMOTonnbi 
Ha rpaHHLi,e MHO>KecTBa Wu. SaflaflHM cjieflyiomyK) fle(|)opMaLi,HK) 

At+(1-A)T 

D,{X, u){t) = u{t) - n{T, 0, z/(r)) - e J T,(r, z/(r))(ir, 



coeflHHHiomyK) nojiH h Gi^g. IloKajKeM, mto npn flocTaxoMHO Majibix e > fle- 
(|)opMaLi,H5i HeBbipo>KfleHa Ha rpaHHH,e MHo:>KecTBa Wu- 9Toro flOKa^KCM 
6ojiee CHjibHoe yTBep:>KfleHHe, KOTopoe HcnojibsyeM saTCM flji5i flOKasaTejibCTBa 
yTBep>KfleHH5i 1). HMenno, noKa>KeM, mto cyn],ecTByeT £q > TaKoe, mto npn 
Bcex £ G (0, £o] H A G [0,1] Ka:>Kfloe pemenne ypaBHeHH5i D^{\^v) = z/ yflo- 
BjieTBopaeT ycjiOBHK) ^ dU npn Bcex t G [0, T]. Ilpeflnojio^KHM, mto 9to 
He Tax. Torfla fljisi npoHSBOjibHoii nocjieflOBaTejibHOCTH {sfcjfc^N ^ ^] TaKoii, 
MTO e ^ npH /c ^ cxD naiiflyTca nocjieflOBaTejibHOCTH {Afcj^^pj C [0, 1] h 
{i^k}k^^ C C([0, r],M"), npH KOTopbix 

= Q(r,0,z/fc(r)) + £, y T,,(r,z/fc(r))(ir, t G [0, T] (2.6) 



H 

z.fc([o,r])na/7 7^0. (2.7) 

TaK KaK HOCjieflOBaTejibHOCTb MHceji {Afc}/,^i^ orpanHMena, to h3 Hee mo>kho bbi- 
flejiHTb cxoflHmyiocfl noflnocjieflOBaTejiBHOCTb. IloaTOMy, 6e3 orpaHHMeHH5i 06111,- 
HOCTH Mo:>KeM CMHTaTb, MTO nocjieflOBaTejibHOCTb {Afcj^gpj cxoflHTC5i. Hs (12.71) cjie- 
flyeT, MTO 4)yHKLi,HH nocjieflOBaTejibHOCTH {i^k\k&^ paBHOMepHO orpaHHMeHbi. Ilo- 
STOMy Ha ocHOBaHHH nenpepbiBHOCTH 4)yHKLi,HH Tg HaftfleTCfl KOHCTanTa Cq > 



Wk{t2) - J^kiti)\\ = £k 



< Ek^kih — ^i)co, 



Taxafl, MTO Te^(t, z/fc(t)) < cq, t E [0, T], /c G N, h ajih jiio6bix ti, t2 £ [0?^]; 
A; e N HMeeM OLi,eHKy 

" Afet2+(i-Afer) 

y T,,(r,ZA;(r))(ir 
|\fcti+(i-Afe)r 

H3 KOTopoH cjieflyeT, MTO 4)yHKLi,HH nocjieflOBaTejibHOCTH {i^k}keN paBHOCxeneHHO 
HenpepbiBHbi. SnaMHT, npHMeH5i5i TeopeMy ApLi,ejia, h3 stoh nocjieflOBaTejibHO- 

CTH MO>KHO BblflejIHTb CXOfl5IIII,yiOC5I nOflnOCJieflOBaTejIBHOCTB. rioSTOMy Mbl 6e3 

orpaHHHeHH5i o6iii,hocth mo^kcm CMHTaTb, MTO nocjieflOBaTejibHOCTb {iyk}keN 
flHTCH. riojiojKHM Ao = liuik^oo ^k H z/q = limfc^oo z/fc. Torfla Ao G [0,1] h 
z/o([0, r]) n dU 7^ 0. TaK xax z/^ ^ npn A; ^ cxd, to 4)yHKLi,H5i uq nocTOHHHa. 
CooTHomeHHe (12.71) SKBHBajieHTHO cymecTBOBaHHio nncjia tk G [0, T] TaKoro, mto 
i^kitk) G Torfla 



(2.8) 



BbiMHTafl H3 paBCHCTBa (12.61) . 3anHcaHHoro npn t = sto >Ke paBencTBO, 3anH- 
caHHoe npn t = tn, nojiy^aeM 

T 

;2.9) 

Afctfe+(i-Afe)r 

Ha ocHOBaHHH (12.81) Bbipa>KeHHe (12.61) npn t = T mo:>kho nepenncaTb b BHfle 



1 

Vk{T) - Vk{tk) = £k J T^£fc(^, Vk{T))dT. 



HJIH 



i^kiT) - Uk{tk) = ^{T, 0, Uk{T)) - Q(r, 0, Uk{tk)) + 



T 



J Zk{T))dT 



iI-n[,){T,0,iykitk)))MT) - ukitk)) = 



= £fc y T,,(r, Vk{r))dT + o(z/fe(tO, z/fc(r) - Vk{tk)), (2.10) 



rfle 4)yHKLi,H5i o(^, h) yflOBjieTBopaeT cooTHomeHHio 



ll^ll 

noflCTaBji5i5i ( 12.91) B (12.101) . nojiy^aeM paBCHCTBO 

T 

(/- ^3)(r,0,z/fc(i,))) J T,,(r,z/fc(r))d 







Afctfc+(i-Afc)r 

o{yk{tk),yk{T) - Vk{tk)) 



^k 



Ha ( 12.91) cjieflyeT, mto naftfleTCH KOHCTanTa c > xaKaa, mto 

||z/fc(r) - Vk{tk)\\ < C£k. 



2.ir 



(2.12) 



OTKyfla 



o{uk{tk), i^k{T) - Ukitk)) 



£k 



< c- 



\o{iyk{tk), i^k{T) - iyk{tk))\ 



;2.13) 



||z/fc(r) - Uk{tk)\ 

Ha ( 12.131) . yHHTbiBafl to, hto SHaMenHH 4)yHKLi,HH z/^ orpanHMeHbi paBHOMepno 
no A; G N, cjieflyeT, hto 

0{Vk{tk), T^k{T) - Vk{tk)) 



0, k ^ oo. 



2.14) 



CoBepniHB, ynHTbiBasi ( 12.141) . npeflejibHbiH nepexofl npn /c ^ oo b ( 12.121) . nojiy- 

T T 

(/-n;3)(r,0,6)) y To(r,^o)o?r = ^ To(r,6)o?r 



HJIH 



T 



Q;3)(r, 0, ^o)^^;3)(0, r, Q(r, 0, ^o))^(r, ^(r, 0, ^o),0)dT 



\3) 



u 

y Q;3)(0, r, n(r, 0, 6))^(r, ^(r, 0, ^o), 0)(ir = 0, (2.15) 



rfle s = limfc_^oo {^ktk + (1 ~ ^k)T) G [0, T]. IlojibsyHCb jieMMoft l2.ll . paBencTBO 
(12.151) Mo:>KHO nepenncaTb b BHfle 

^(r, s,<^o) - T/(0, s,<^o) = 0, 

B HCM npoTHBope^He c ycjiOBHeM xeopeMbi. TaKHM o6pa30M, cymecTByex £q > 
TaKoe, MTO npH Bcex e G (0, £o] h ^ [0, 1] Ka:>Kfloe pemeHne ypaBHeHHa 
Ds{X^ v) = V yflOBjieTBopaeT ycjiOBHio v{t) ^ dU npn Bcex t G [0, T]. IlpH A = 1 
nojiyMeHHbiH peayjibTaT coBnaflaeT c yTBep>KfleHHeM 1) xeopeMbi. riepeftfleM k 
flOKaaaTejibCTBy yTBep>KfleHH5i 2). Kax y>Ke roBopHjiocb, flOKasaHHoe cbohctbo 
osHanaeT, b MacTHOCTH, mto 

L»,(A,z/)7^0, AG [0,1], z/Go'M/t/, £G(0,£o], (2.16) 

TO ecTb noji5i I — Gs r I — roMOTonHbi Ha rpaHHLi,e MHo:»<;ecTBa Wu npn 
£ G (0,eo]- 06o3HaMHM nepes Co([0, T], M"^) noflnpocTpaHCTBO npocTpaHCTBa 
C([0, T] , R"), cocTOHmee h3 Bcex nocTOHHHbix (|)yHKi],HH, onpeflejiennbix na ot- 
pesKe [0, T] h npHKHMaiomnx 3HaMeHH5i b W^. HMeeM Ai;{dWu) C Co([0, T], M^*). 
^ajiee, no nocTpoenHio MHO>KecTBO Wjj coflep^KHT 4)yHKLi,HH, TO^KflecTBenHO paB- 
Hbie npoHSBOjibHOMy 4)HKCHpoBaHHOMy 3jieMeHTy h3 U. HaKOHeu,, h3 (12.161) npn 
A = nojiy^aeM 

Ae{i^) y^i^, lye dWu, e G (0,eo], 

OTKyfla, yHHTbiBasi cooTHomeHne d{Wu fl Co([0, T], M")) C dWu^ cjie^yeT, 
HTO npH £ G (0, £o] nojie I — A^ ne HMeex nyjieft na rpaHHLi,e MHO>KecTBa 
Wu n Co([0, T], M'*). riosTOMy, npn £ G (0, Eq] saxoHHO cy>KeHHe nojia / — ^4^ na 
noflnpocTpancTBO Co([0, T], M"^), hto osnanaeT (cm. [21], TeopeMa 27.1) 

dcx[o,T],W'){^ - As, Wu) = 

= dciionmi^ - ^e, Wu n Co([o, r], R")), (2.17) 

rfle B jieBoii h npaBofi MacT5ix paBencTBa sanncaHbi TonojiorHHecKne CTeneHH b 
npocTpancTBax C([0,r],M") h Co([0,r],M") cooTBeTCTBenHO. 



SaMCTHM, MTO nocToaHHafl (J)yHKLi,H5i u G Wu n Co([0, r] , M'^) Torfla h tojib- 
KO Torfla 5iBji5ieTC5i pemeHHeM ypasHeHHii Ai^v = z/, Korfla sjieMeHT ^ = z/(0) 
5iBJi5ieTCfl pemeHHeM ypaBHenHa ^4^^ = ^, r^e 

T 







npHMenafl TeopeMy 06 9KBHBajieHTHt.ix ypaBHeHHHx k ypaBHenHHM Ai^u = 1/ h 
^e'C = ^ (cm. [2T|, TeopeMa 26.4), npn £ G (0, £0] nojiynaeM 

^ico([o,T],M")(/ - Ae, Wu n Co([0, T], R")) = dnn{I - Al U). (2.18) 

J\ji^ BbiMHCjieHH5i TonojiorHMecKoii CTeneHH dKn(/ — U) hojio^khm 

T 







Ha ycjiOBH5i TeopeMbi cjieflyeT, hto (/ — A^){^) = ^ G nosTOMy npn 

£ G (0, eo] HMeeM 

dun{I - Al U) = (iM"(^l,e, U). (2.19) 

HoKajKeM, MTO BeKTopHbie noji5i ^ h 1 roMOTonHbi Ha rpaHHu,e MHO>KecTBa 
U npn £ G (0, £o]- SaflaflHM jiHHeftHyK) fle4)opMaLi,Hio 

T 

i^i,s(A, = (A£ + 1 - A) y T,(r, O^ir, ^ G ^. 







noKa>KeM, HTO 3Ta fle4)opMaLi,H5i HeBbipo>KfleHa na rpaHHLi,e MHO>KecTBa U. Hpefl- 
nojio>KHM, HTO 3T0 He TaK, Torfla fljifl HeKOTopbix A G [0, 1], ^ G dU h e G (0, £q) 
6yfleM HMeTb 



(Ao£+l-A) j T,{r,Odr = 0, 





OTKyfla 

T 



J Te(r,O^ir = 0, 



B MeM npoTHBope^He c HeBbipo>KfleHHOCTbK) nojifl Ai^^ npn £ G (0, £o] na dU. 
TaKHM o6pa30M, nojibsyficb jieMMofl 12.11 

dRn{Ai^„U) = dun{Ai^i,U) = dun{r]{0,T,-),U). (2.20) 

noflCTaBji5i5i (12.201) B (12.191) . nojiynaeM 

dRn{I-AlU) = dun{rj{0,T,-),U), £G(0,£o). (2.21) 

noflCTaBji5i5i (12.181) B (12.171) . nojibsyacb roMOTonHOCTbio nojiefi I — A^vlI — 
H cooTHomeHHeM (12.211) . OKOHMaTejibHO HMeeM 

c^c([o,T],R«)(^ - Gs.Wu) = rfM"(-r/(r,0, •),[/), £ G (0,eo]- 

TeopeMa flOKaaaHa. 
Ilpeflnojio^KHM Tenepb, mto 

{A-p) pemeHHe x cncTeMbi (12.11) c Ha^ajibKbiM ycjiOBneM xito) = ^ cymecTByeT, 
eflHHCTBeHHO H npoflOji»:HMO Ha OTpesoK [0, T\ npn jiK)6bix to £ [0? ^ G M" h 
e > 0. 

IlpH ycjiOBHH (^-p) flJiii CHCTeMbi (12.11) npH jiK)6bix e > onpeflejieH onepa- 
Top IlyaHKape, cooTBeTCTByiomHii aaflane o T-nepHOflHHecKHx pemenHax fljTH 
(12.11) (cm. onpeflejieHHe 1.2). 

TeopeMa 2.2 Tlycmh Vo{^) = ^ (^^^ ak)6o20 ^ G Tlycmh eunoAHeno ycAO- 
eue {A-p), u 

^^{0 dAM AK)6020 ^ G 5t/ U AK)6020 S G [0,r]. 

Tozda cymecmeyem eq > manoe, umo npu e G (0, eo] onepamop Ve neeupoDfc- 
den na dU, u 

d^n{I -Ve,U)=d^n{-^^,U), EE (0,£o]. 

^OKasaTejibCTBO. IlycTb Qs - HHTerpajibHbiii onepaTop, cooTBeTCTByiomHH sa- 
flane o T-nepHOflHHecKHx pemeHH5ix flji5i (12.11) . IIojio^khm 

We = {x: C([0, T], M") : ^,(0, t, x(t)) G f/, ajta jTio6oro t G [0, T]} , 



rfle Mepes Qe oGosHa^eH onepaTop cflBHra no xpaeKTopHAM CHCTeMbi ( 12. II) . Ilo- 
KajKCM, MTO cymecTByeT £q > TaKoe, mto fljia jiK)6oro e G (0, Eq] h jiio6oro 
a G [0, Eo] BbinojiHeno: 

ecjiH QeX = X n X ^ Wa, TO x G Wq. (2.22) 

npeflnojio>KHM npoTHBHoe, cjieflOBaTejibHO, cymecTByiOT nocjieflOBaTejiBHO- 
CTH {enjneN C (0, Eq], ^ npH n ^ oo, C (0, £o], {a^njneN C 

C([0, r],M"), Xn G VFa^ TaKHe, HTO Q£„X„ = X„ H X„ ^ VFq. TaK KaK Xn G VFe„, 
TO Xn{0) E U. C flpyrOH CTOpOHbl, H3 C00TH0meHH5I Xn ^ Wq 3aKJIK)MaeM, MTO 

npH jTK)6oM n G N cymecTByeT G (0, T] xaKoe, hto Xn{tn) G c^?7, b mcm 
npoTHBopenne c yTBep^KfleHHCM 1) TeopeMbi 12. 1[ 

Ha (12.221) 3aKjiK)HaeM, hto CTeneHb d{I — Qx^Wx) onpeflejiena npn jik)6om 

£ G (0,£o], H 

d{I-Qe,W,)=d{I-Qe,Wo), £G(0,£o]. 

Hs npHHLi,Hna poflCTBeHHOCTH (cm. [21], TeopeMa 28.5) cjieflyeT, mto 

d{I-Qe^We)=dun{I-Ve,U). 

C flpyroii CTopoHbi, b CHJiy yTBep>KfleHH5i 2) TeopeMbi 12.11 HMeeM 



d{I-Qe,Wo)=d^n{-^^,U). 

TeopeMa flOKaaana. 

2.2 TeopeMbi o npo/i;oji:aceHHH T-nepno^HHecKHx pemeHHH 
H3 U no napaMexpy 



B 9T0M nyHKTe 6yflyT yKasanbi npHjio>KeHH5i TeopeMbi 12.11 k safla^e o npoflOji>Ke- 
Him jie>Kaiii,iix b U T-nepiioflHHecKiix pemeHHii CHCTeMbi (12.11) npH yBejnmeHim 
napaMeTpa e ot Hyji5i flo HexoToporo flocTaTOMHO Majioro nojio:>KHTejibHoro mhc- 
jia. 



2.2.1 CjiyMaii CHCTeM jiioSoro MHCJia ypaBHeHHH 

TeopeMa 2.3 Ecau $*(^) 7^ Oa^ ak)6o2o ^ G dU u a'K)6o2o s G [0, T], w 

mo npu ecex docmamoHHO uaAux e > cucmeMa ^2.1\) UMeem no Kpauneu Mepe 
odno T -nepuodunecKoe pemenue c uanaAhHUM ycAoeueM e U. 

ripeflnojio^KHM Tenepb, mto BbinojTHeHO ycjiOBHe {Ap) (cm. TeopeMy I2.2I) . h 
nycTb Ve - onepaTop IlyaHKape, cooTBeTCTByromnii aafla^e o T-nepHOflHHecKHx 
pemeHHflx flji5i BOSMymenHoft CHCTeMbi ( 12. II) . npeflnojTO>KHM flajiee, mto 

(A^) OTo6pa>KeHHe Vq HMeeT KOHe^Hoe mhcjio ai, ...^at HenoflBH>KHbix tomck 
B ?7, npH 9T0M fljiH jiK)6oro i G 1, /c MaTpHLi,a (/ — {Vq)') (at) HeBt.ipo>KfleHa. 
ripH ycjiOBHH {A^) Ka>KflOMy a^, i G 1, /c mo>kho nocTaBHTb b cooTBexcTBHe hh- 
flCKC IlyaHKape ind(aj,/ — Po) (cm. [23], Fji. IX, § 4), KOTopbiii b 9tom cjiy^ae 
onpeflejiHeTCH KaK (—1)^, r^e /3 - cyMMa KpaTHOCTeft BemecTBeHHbix h OTpn- 
Li,aTejibHbix co6cTBeHHbix SHaneHHii MaTpHLi,bi (/ — (Vq)') (at) (cm. [21], Teope- 
Ma 6.1). 

CnpaBefljiHB cjieflyiomHii peayjibTaT. 

TeopeMa 2.4 IIpednoAODtcuM, nmo eunoAnenu ycAoeuM meopeMulKM a maK- 
Qice npednoAODfcenue (A^). IIpednoAODfcuM, nmo 

ind(ai, / - Po) + • • +ind(afc, I - Vq) ^ o?R"(-$^, U). (2.23) 

To2(^a npw ecea; docmamoHHO mqaux e > cucmeMa (i2.1\) UMcem T- 
nepuodunecKoe pemenue Xs{t) manoe, nmo 

p{xe{0),dU) ^ npu £^0. (2.24) 

^OKasaTejTbCTBO. Hs (^4^) cjie^yeT, mto tomkh ai,...,a/t 5ibji5ik)tc5i Hsojinpo- 
BaHHbiMH. IIosTOMy (cM. |20| ; TeopeMa 6.1), cymecTByeT 60 > Taxoe, mto 

d]^n(I - Vq, BsJaA) = md(a^, I -Vq), z G 1, A;. 



^ajiee, npn ycjiOBHH (^4^) b CHjiy TeopeMbi IlyaHKape (cm. [30], yTBep>Kfle- 
HHe c. 378) 6o > Mo:>KeT 6biTb Bbi6paH0 eme HacTOjibKO MajibiM, mto flji5i 



HeKOToporo £q > m jiioGbix £ G (0,£q], i G l,k cymecTByeT eflHHCTBenHoe 
T-nepHOflHMecKoe pemeHHe CHCTeMbi (12.11) b ^o-OKpecTHOCTH tomkh a^. Hs Teo- 
peMbi [2^2] cjie^yeT. mto £o > MO>KeT Gmtb BbiGpano nacTOJibKO MajibiM, hto 

HaKoneu,, yMenbiuHM £q > eme h Tax, mto 



c?R«(/ - Vo, Bs^itti)) = G?Rn(/ - Ve, Bs^{a,)), i G 1, /c, e G (0, £o]. 
CyMMHpyfl nojiyMeHHbie cooTHomenHH h yMHTbiBaa (12.231) . npHxoflHM k BbiBOfly, 

dun (^I - V„ U\ y Bs,{a,)^ 7^ 0, £ G (0, £o]. 
CjieflOBaTejibHO, npn jiio6om £ G (0, £q] cymecTByeT pemeHHe CHCTeMbi (12.11) 



TaKoe, MTO 



{0)eU\\jBs,{a,), £G(0,£o]. 



i=i 

SaMeTHM, HTO 

p{xe{0), dU) ^0 npH £ ^ 0. (2.25) 

/],eHCTBHTejIbHO, B HpOTHBHOM CJiyHae HMejIH 6bl HpOTHBOpenne C eflHHCTBeHHO- 

CTbio T-nepHOflHMecKHx pemeHHii c po>KfleHHbiMH h3 To^eK ai, ...,a)t naMajibHbi- 

MH yCJIOBHHMH. 

TeopeMa flOKaaaHa. 



2.2.2 CjiyHaii flByMepHbix CHCTeM, flonycKaioii],Hx ii,hkji b OTcyTCTBHH 
B03Myii],eHHa: 

Cjieflyiomee npHjio^KenHe xeopeMbi 2.1 CBHsano co cjiy^aeM, Korfla CHCxeMa 
( 12.21) flByMepHa h aBTOHOMHa, to ecTb HMeeT bha 

X = /(x), X e (2.26) 

cooTBeTCTByiomaii BOSMymeHHaii CHCTCMa (12.11) sannmeTCsi b stom cjiy^ae xax 

X = f{x) +£g{t,x,£), xGMI (2.27) 

ripeflnojiojKHM, MTO CHCTeMa (12.261) HMeeT T-nepHOflHMecKHii li,hkji x, h o6o- 
3HaMHM Mepea ?7 BHyTpenHOCTt. Li,HKjia. OMeBHflHO, Q(r, 0,^) = ^ fljia jiioGoro 
^edU. 

TeopeMa 2.5 IIpednojiootcuM, umo 

^*(0 7^ ^■^•^ Jl'K)6020 ^ G 5t/ W AK)6020 S G [0,r], 

(^41) X - eduHcmeeHHUu T -nepuodunecKuu %uka cucmeMU Ii2.26[) e Henomo- 
pou OKpecmHocmu dU. 
To2da, ecAU 

dK.(-$^,t/)7^1, 

mo cymecmeyem Eq > manoe, umo npu ecex e G (0, £0] cucmeMa ^2.21\) 
UMeem no Kpauneu Mepe dea T -nepuoduuecKux pemenuM x^^i u x^^ manux, nmo 

p{xe,i{t), dU) + p{xs^2{t), dU) npu e ^ 0. 

EoAee mo20, Xs^i{t) G ?7, Xs^2{t) ^ U npu ecex t E [0, T], u naotcdoe nponee T- 
nepuoduuecKoe pemenue x cucmeMU Ii2.27\) ydoeAemeop^em ycAoeuu) x{t) ^ dU 
npu ecex t G [0, T\. 

YcjiOBHe (^1) He OTpHLi,aeT cym,ecTB0BaHH5i b6jih3h dU n,HKjioB CHCTeMt.1 

(12.261) C OTJIHHHblMH OT T > HepHOflaMH. 



^OKasaTejibCTBO TeopeMbi 2.5. IlycTb Eq > - to, o KOTopoM roBopHTCH b 
TeopeMe 12.11 . Torfla 

diQe, Wu) = dR^i-^^, U) fljiH jiio6bix £ G (0, eo], 

HjiH, y^HTbiBafl ycjiOBHe (iR2(— "l*^, U) ^ 1, 

d{Qe, Wu) ^ 1 flJifl jiK)6bix £ e (0, £q]. (2.28) 

riojiojKHM t/j" = U\Bs{dU), = U U Bs{dU). Ha ocHOBaHHH ycjiOBH5i 
(Ai) MO>KHO 3a4)HKCHpoBaTb TaKoe (5o > 0, MTO CHCTCMa ( 12.261) He HMeex T- 
nepHOflHMecKHx pemeHHii c HaMajibHbiMH ycjiOBH5iMH h3 dU^ U dU^ npn Bcex 
6 G (0, (5o]. Bea orpanHHenHH o6iii,hocth mo^kcm CHHTaTb, hto > BbiGpano 
flocTaTOHHO MajibiM TaK, MTO 7^ 0. rio TeopeMe KaneTTO-MaBeHa-SaHOjiHHa 
(|50|. cjieflCTBHe 1) HMeeM 

d(Qo, W^-) = du4f, Ui) H d{Qo, W^.) = d^.if, t/+), 6 G (0, ^o]. 

Bes orpaHHHeHHfl o6iii,hocth mo>kho CHHTaTb, hto MajiocTb > flocTaTOHna 

flJI5I TOrO, MT06bI 

dR^{f,Us) = d^2{f,U+) = d^2{f,U), 6 G (0,(5o]. 

rio TeopeMe HyHKape (cm. C. Jle(i)mei], [23], TeopeMa 11.1 hjih M. A. Kpacno- 
cejibCKHH H flp. [8], TeopeMa 2.3) HMeeM (iiR2(/, ^7) = 1, nosTOMy 

c^(Qo, = d{Qo, Wu+) = 1 npH Bcex S G (0, (5o]. 

TaKHM o6pa30M, Ka>KflOMy S G (0, ^o] cooTBeTCTByeT £s > Taxoe, hto 

d{Qe,Wu-) = d{Qs^Wu^) = l, £G(0,£^], ^G(0,^o]. (2.29) 

Bea orpaHHHeHH5i o6iii,hocth mo>kho CHHTaTb, hto £s < £o npn Bcex S G (0,(5o]. 
Torfla H3 ( 12.281) h ( 12.291) nojiy^aeM, mto npn Bcex (5 G (0, (5o] h e G (0, e^] CHCTeMa 
( 12.271) HMeeT no KpafiHefi Mepe flsa T-nepHOflnnecKHx pemeHHH x^^i G Wu\Wu- 
H X£2(^) G Wtj+\Wu- Hs SToro, b MacTHOCTH, HMeeM Xei(O) G X£2{t)(0) ^ 



U H, Hcnojibsyfl yxBep^KfleHHe 1) TeopeMbi 12.11 . saKJiiOMaeM, mto Xs^i{t) G U, 
Xe,2{t){t) ^ U npH Bcex t e [0, T]. 
TeopeMa flOKaaana. 

2.2.3 CjiyHaii flByMepHi>ix CHCTeM, flonycKaiomnx ceMeiiCTBO i],hkjiob 

B OTCyTCTBHH B03MyiIl,eHHH 

06o3HaMHM nepea x nepHOflH^ecKoe pemenHe CHCTeMbi ( 12.261) naHMeHbinero 
nepnofla T. B stom noflnyHKTe npeflnojiaraeTCsi, mto 

(C) ajireGpaHMecKafl KpaTHOCTb MyjibTHnjiHKaTopa +1 CHCTeMbi 



paBHa 2. 

riocjieflHee HMeeT MecTO, b MacTHOCTH, b cjiy^ae, Korfla x Bjio^Ken b ceMeftcTBO 

LI,HKJIOB CHCTeMbi (12.261) . 06o3HaMHM MepeS U G M? BHyTpeHHOCTb LI,HKJia X. 

Hac HHTepecyeT Bonpoc o tom, cymecTByiOT jih b6jih3h rpaHHLi,bi MHO>KecTBa U 



UMeem MyAhmunAUKamop +1 aA2e6pauHecKou KpamHocmu 2, u u T- 
nepuoduuecKoe pemenue smou cucmeMU maKoe, umo 





nepHOflHMecKHe pemenHH CHCxeMbi ( 12.271) c nepnoflOM T. 



JleMMa 2.2 UpednoAOCHCUM, nmo T -nepuodunecKasi cucmeMa 



u = A{t)u 



(2.31) 



wi(0) ^ 0, W2(0) = (wi(0) = 0, W2(0) ^ 0). 



Togda dAM, pemenuM u cucmeMU l \2.31\) . ydoeAemeopMWinego ycAoeuio 



ui{0) = 0, U2{0) ^ (wi(0) ^ 0, U2{0) = 0) 



cnpaeedAuea (f)opMyAa 




^OKasaTejibCTBO. YcTaHOEHM cnpaBefljiHBOCTb yTBepjKfleHHH b cjiy^ae, Korfla 
ui(0) 7^ 0, ^2(0) = 0. 06o3HaMHM Mepea X HopMHpoBaHHyio (-^(0) = /) ^ya- 

(A (A 

flaMeHTajiBHyK) MaTpHii,y CHCTeMbi ( 12.311) . Tax Kax X{T) I — \ 5 to 

X[T) = . rio ycjiOBHK) jieMMbi ajire6paHHecKa5i KpaTHOCTb coGcTBen- 

b J 

la 

Horo 3HaMeHH5i +1 MaTpHLi,bi X{T) paBHa flByM, SHaMHT X{T) = \ , r^e 



1 



a G R - HeKOTopoe mhcjio. HMeeM 

X{t + T)u{0) = X{t)X{T)u{0) = X{t) ( ^ ^ I u{0) 

\0 1 

aw2(0) 



= X{t)u{0)^X{t) 







B Toxe BpeM5i 



, 1 a \ / auoiO) 

X{T)u{0) = u{0) = u{0) + ^ ^ 

^01; ^0 

OTKyfla aw2(0) = wi(r). 

CnpaBefljiHBOCTb yTBep>KfleHH5i jieMMbi b cjiy^ae, Korfla wi(0) = 0, W2(0) 7^ 
ycTaHaBjiHBaeTca aHajiorHMHO. 

JleMMa flOKasana. 

He orpaHHMHBa5i o6iii,hocth pemeHH5i nocTaBjieHHoii saflanH, MOJKeM CHHTaTb, 

xi(0) 7^ H X2(0) = 0. (2.32) 
riycTb y - pemeHHe cncTeMbi (12.301) , yflOBjieTBop5iioiii,ee ycjiOBHio 

^i(0) = 0, ^2(0)7^0. (2.33) 



06o3HaMHM Mepes z h z pemenHH conp5i>KeHHOH CHCTeMbi 

z = (2.34) 
yflOBjieTBop5iK)iii,He HanajibKbiM ycjiOBH5iM 

m-l'^''''^] . m^i 'X (2.35) 

B CHjiy jieMMbi rieppoHa (cm. [68] hjih [H], Fji. Ill, § 12) hmccm 

(x{t) y{t)y {z{t) z{t)) = 1, teR (2.36) 

JleMMa 2.3 Ilycmb eunoAHeno ycAoeue (C). Tozda peuienue 'z ^eAMemcM T- 
nepuoduuecKUM. 



/^OKasaTejibCTBO. Ecjih yi{T) = 0, to b CHjiy jieMMbi 12.21 Ka>Kfloe pemenHe 



CHCTeMbi (12.301) . a snaMHT h chctcmm (12.341) . 5iBji5ieTC5i T-nepHOflH^ecKHM. Pac- 
CMOTpHM cjiynaii, Korfla 

m{T)y^O. (2.37) 

B CHjiy TeopcMbi o nepHOflH^ecKHx pemeHHAx conpa^KeHHOH chctcmm (cm. [11] , 
Fji. Ill, § 23, TcopcMa 2) CHCTCMa (12.301) hmcct no KpaftHeft Mcpe oflHO T- 
nepnoflHMecKoe pemcHHe, o6o3HaMHM 9to pemcHHe Mcpea J. Ha ocHOBaHHH jicm- 



Mbl 



2.2 HMCCM 



y{T) , z{T) ) = (m, m ) + ^ (x(0) , z{T) ) = 

a:i(0) 



= (^(0),?(0)) + ^^i(0)Ji(0). 

Ho, B CHJiy jicMMbi Heppona (cm. [68] hjih [H], Fji. Ill, § 12) (jj{T),J{T)^ = 
^(0),z(0)^, no9TOMy i^i(O) = h, cjieflOBaTCjibHO, pemeHH5i z h 2 jiHHeftHO 

SaBHCHMbl. 

JlcMMa flOKaaana. 

HH:>Kecjieflyioiii,aii jiCMMa flacT pasjio^KCHHe nojia ^^{^) noxny flji5i cjiy^aii, 

KOr/],a LI,HKJI X yflOBJICTBOpaCT yCJIOBHK) (C). 



JleMMa 2.4 Ilycmb eunoAHeno ycAoeue (C). Tosda Bam ak)6ux s,6 E M UMeem 
Mecmo cf)opMyAa 

^^xie)) = (m - 'Jj^Ke, s + 9)] m + J{e, mo). (2.38) 



2'2(0) 



T 



f{e,t)= / (J(r),^(r-^,x(r),0))(ir, 



T 



f{e)= / (z(r),r/(r-^,x(r),0))dr. 



^OKasaTejibCTBO. nojio>KHM Z{t) = (?(^), 2(^)) H o6o3HaHHM Mepea Z{t) 4)yH- 
flaMeTajibHyio MaTpHLi,y CHCTeMbi (12. 341 ) TaKyio, mto Z{{)) = /, HMeeM ^(^) = 
Z{t)Z-^{0). no jieMMe ReppoHa (cm. [68j hjih [II], Tji. Ill, § 12) Y-^{t) = Z*(t), 
H, yMHTbiBaH jieMMv [27TI 

s 

^\x{e)) = / (n);3)(0,r,Q(r,0,x(^)))^(r,5(r + ^),0)dr = 



= >^(^) y y-^(r)r/(r-^,x(r),0)dr = 



s-T+6 



= {Z*{e))-' / Z*(r)^(r-^,x(r),0)dr 



( 



\ 



J {z{T),g{T-e,x{T),0))dr 

s-T+d 

m 



\ 



I 



Ho, Hcnojibsyfl saMeny nepeMeHHbix t = r + T b HHTerpajie h jieMMy [2121 mojkcm 
npoBecTH cjieflyiomee npeoGpaaosaHHe 



j {z{T),g{T-9,x{r),0))dT = 



s-T+e 



s+0 



J {z{r),g{r - 6, x{r), 0)) dr + J {z{r),g{r - 9, x{r), 0)) dr = 



s-T-\-0 



s+9 



T 



J {z{r),g{r-e,x{r),0))dT+ J {-£{1 - T), g{t - e,x{t),0)) dt = 

s+9 

s+9 

= J {z{T),g{T-e,x{T),0))dT+ 



T 



z{t) - , g{t - e, 0)^ dt = 



1 

J {z{T),g{T-e,x{T),0))dT- 



T 



[i{t),g{t-e,x{t),o))dt = f{e) 



2-2(0) J ' ^^'^^ ' ^ i2(0) 

s+9 

JleMMa flOKaaana. 

JleMMa 12.41 no3BOji5ieT nojiyHHTb cjieflyiomee cjieflCTBHe h3 TeopeMbi 12.51 . b 
KOTopoM npeflnojiaraeTca, mto i],hkji x yflOBjieTBopaeT ycjiOBHio (12.321 '). 

TeopeMa 2.6 nycmt eunoAHenu ycAoeusi (Ai) u (C). IIpednoAODtcuM, umo 
Sam KacHcdoso 6q G [0, T] maKoso, umo /(^o, 0) = 0, umccm 



f{0, 



> 



2-2(0) 



■f{0o, s + ^o: 



npu ecex s G [0, T]. 



To2da npu nacHcdoM docmamonuo uaAOM £ > ecnnoe T -nepuodunecnoe pe- 
menue x cucmeMU ^2.21\) Heo6xoduMO maKoeo, nmo x{t) ^ dU npu ah)6om 
t G [0, T] . BoAee mozo, ecAU donoAHumeAtHO useecmno, umo 

{A2) d^.{-^^,U)^l, 
mo npu ecex docmamouHO mqaux e > cucmeMa ({2.271) UMeem no Kpauneu 
Mepe dea T -nepuodunecKux peuieuun x^ u x^ nnaKux, nmo Xs{t) G Xs{t) ^ U 
dAM, Aw6o20 t G [0, r], u 

p{xe{t),dU) + p(^e{t),dU^ ^0 npue^O 



paenoMepHO no t E [0, T]. 



B cjieflyiomHx flsyx nyHKxax flaiOTCH npHjio>KeHHfl paspaGoTaHHbix TeopeM k 

KOHKpeTHbIM KJiaCCaM CHCTeM (12.271) . 



2.3 Mo^H(J)HKaLi,Ha xeopeMbi BopcyKa-YjiaMa h hobbig 
CBOHCTBa nepHO/i;HHecKHx pemeHHH ypaBHenna ^ycj)- 
cJ)HHra 

IIpHMep 2.1 B Ka^ecTBe npHMepa paccMOTpHM saflany o cymecTBOBaHHH ne- 
pHOflHHecKHX pemeHHH y ypaBHennfi /]^y4)(J)HHra 

il + u + = £cos{{l + 6)t). (2.39) 

KaK H3BecTH0 (cm., nanpHMep, [10], HpHMep c. 250), npn £ = ypaBnenne 
(12.391) flonycKaeT ceMeiiCTBO nepHOflH^ecKHx pemenHii, nepnofl KOTopbix HSMenfl- 

eTC5I MOHOTOHHO OT 27T flO 0, KOPfla HaHajIbHOe yCJIOBHe pemeHH5I H3MeH5ieTC5I OT 

(0, 0) flo (+00, 0). Ha ocHOBaHHH TeopeMbi 12.61 mm noKajKeM, mto b Ka^Kfloft "no- 
jiyoKpecTHOCTH" nopojKflaiomero nepHOflH^ecKoro pemenHH HMeeTca no Kpaftneft 
Mepe oflHO nepHOflHHecKoe pemeHHe ypaBHenHii (12.391) Toro tkg nepnofla, hto h 
nopojKflaiomee. 

JleMMa 2.5 06o3HaHUM nepea us eduHcmeeHHoe c moHHOcmtw do edema nepu- 
oduuecKoe pemenue HeeosMymeHHOso (npu e = 0) ypaenenuji /l^ycfjcfjuma ^2. 39\) 
c HauMewbiuuM nepuodoM Cyiu,ecmeyem (5o > 0, npu KomopoM KaomdoMy 
5 G [0, ^o] coomeemcmeyem £o > maKoe, nmo: 

1) npu AK)6oM £ G (0, £o] ypaenenue /l^y(f)(f)uma ^2. 3^) UMeem no Kpauneu Me- 
pe dea j^-nepuoduuecKux pemenuM, us^e u us^e uiaKux, nmo aHaueHUM, cf)yHK%uu 
(^s,e:Us^e^ AecHcam cmposo enympu o6Aacmu U C M^, ozpaHuueHHOu npueou 

x{t) = {us{t) , us{t)) , a anaueHUM, (jjyHKU^uu (^s,e:Us^s^ jieotcam cmposo cnapy- 
Qicu U ; 

2) ecMKoe j^-nepuoduuecKoe pemenue u euemeMU ({2. 39\) npu £ G {0,£q] 



maKoeo, umo KpueaM t {u{t),u{t)) ne UMeem moueK nepeceueHUM c npueou 
t {us{t),us{t)) ; 

3) pemenuM, us^e u us^e ydoeAemeopMfom ycjioeuio 

Us,e{t) ^ Us (t — 9^ U Us,e{t) Us ^ — 9^ npu £ ^ 

Basi HCKomopux 6,6 G [O, . 



flOKaaaTejibCTBa jieMMbi 12.51 naM noHaflo65iTC5i neKOTopbie flonojiHHTejibHbie 
yTBep:>KfleHH5i. IlepBoe h3 hhx - M0flH{|)HKaLi,H5i TeopeMbi, flOKasaHHofi K. Bopcy- 
KOM B [17], npeflnojio>KeHHe o cnpaBefljiHBOCTH KOTopoft panee BbicKaaaji C. Yjiaivi 
CM. TaK>Ke [8], TeopeMa 2.2). 



JleMMa 2.6 Uycmh x : [0, T] M?, x{0) = x{T) - otcopdauoea Kpuean, ozpa- 
HUHueawmaM MHOoicecmeo U C M.'^. Ilycm'h F : ^ - Henpepuenoe ecK- 
mopnoe no.fie manoe, umo F{^) Bam Kaomdoso ^ G dU. IIpednoAODtcuM, umo 
cymecmeyem HanpaeAMK>maM (f)yHKyuM z : [0,T] M?, z{0) = z{T) manaH, 
umo: 

1) (z{6),x{6)^ ^ dAH Kaotcdoso 6 G [0,r], 

2) CKaAMpHttM (f)yHKyuM {F{x{-)), z{-)) UMeem poeno dea uyAM 61,62 na uh- 
mepeaAe [0, T) u cmpozo MOHomoHHa e smux moHKax, 

Z2{6l) 



5; sign F{x{6i)), 



-zi{6i) 




= -sign{F(x(^2)), I 

-z^{62, 

Tozda Au6o d{F, U) = 0, au6o d{F, U) = 2. 

^OKasaTejibCTBO. npeflnojio:>KHM, hto napaMeTpH3aLi,H5i KpHBoii x hojio^kh- 
TejiBHa, TO ecTb MHO>KecTBO U pacnojiojKeHO no JieByio CTopony OTHOCHTejibHO 
Ha6jiioflaTeji5i, flBH5Kyiii,eroc5i no dU BMecTe c x{t), Kor^a t BOspacTaeT ot flo 
T, B npoTHBnoM cjiynae, mm paccMOTpnM npoTHBonojio:«;nyK) napaMeTpH3aLi,Hio 
x{6) = xi—6). riycTb r~ : [0,r] ^ M - neKOTopaa oflnoanannaa bctbb yrjTOBoii 



4)yHKLI,HH, CB5I3aHHOH C BCKTOpOM t G [OjT], (cM., HanpHMCp, [8], §1.2), 

npHHCM TaKa5i, mto r~(^) BOspacTaeT, Korfla BexTop x{6) BpamaeTCil npoTHB Ma- 
coBoii CTpejiKH. Ha ocHOBe F- cefiMac 6yfleT onpeflejieHa yrjiOBa5i 4)yHKi],H5i Tpox 

flJIH BeKT0p-4)yHKLI,HH 9 F(x{9)). 

Bea orpaHHMeHH5i o6iii,hocth Mo:>KeM CHHTaTb, mto ^1,^2 £ (0?^)? b npoTHB- 
HOM cjiy^ae mbi mofjih 6bi cflBHHyTb BpeMH b 4)yHKLi,H5ix X m z. TaK>Ke mo^kcm 
npeflnojiaraTb, mto (^x{6)^ z{6)^ > flji5i Ka>Kfloro ^ G [0, T], HHa^e mbi pac- 
CMOTpejiH 6bi z(^) = z{—6) BMecTO z{6). OGosHannM nepea /ii, h2 G [0, 27r) yroji 
Mempj BCKTopaMH /ii h /i2, nocMHTaHHbiH B HanpaBJieHHH npoTHB MacoBOH CTpeji- 
KH, TO ecTb hi, h2 + h2, hi = 27r. IlycTb md{9i, f) = +1 hjih md{9i, f) = —1 b 
saBHCHMOCTH OT Toro BospacTaeT HJIH y6biBaeT f b 6i, i = 1,2. BBefleM 4)yHKH,HH 
Z : X ^ [— TT, 7t] h He^ : [0, T] { — 1, 0, 1} cjieflyion],HM o6pa30M 

Z(/ii, /i2) = arccos n sign fyr — /ii, /i2^ , 

ll/illl ■ ||"'2|| ^ ^ 

npH ^ G [0,^0. 

ind(^„/)sign(^(^,)^,F(x(^,))) HpH ee[e„T]. 

^jT5i Ka^Kfloro ^ G [0, T] onpeflejiHM 



rpom = r,(^) + z(x(^), z{e)) + z(sign (z(^), z{e), F{x{e)))+ 

+ 7rHe,{e) + nHeM- (2-40) 
Mo^KHO npoBepHTb, MTO 4)yHKi],H5i r^oj HenpepbiBHa Ha [0,T] (flji5i SToro Heo6- 

XOflHMO HpOBepHTb 3T0 yCJIOBHC TOJIbKO B TOMKaX 9i H ^2), H ^TO Fpoxi^^) ^03- 

pacTaeT, Kor^a bcktop F{x{9)) Bpan],aeTC5i npoTHB nacoBOH cxpejiKH, cjieflOBa- 
TejibHO, Tpox{-) 5iBji5ieTC5i ypjiOBOH 4)yHKLi,H5i BCKTopa F{x{6)) flji5i 6 G [0, r]. 
rio OHpeflejieHHK) nncjia Bpan],eHH5i flByMepHbix bcktophbix hojich na rpaHHLi,ax 
0flH0CB5i3Hbix MHO>KecTB (cM. |8| , § 1.3, 4)opMyjia 1.11) HMeeM 

dw{F, U) = ^[Tfox{T) - TfoM]- (2-41) 



rio TeopeMe IlyaHKape o nojinoii BapHai],HH yrjiOBoft 4)yHKLi,HH, CBHsaHHoft c Ka- 
caTejibHbiM BeKTopoM x{9), Ha KpHBoii X (cm. [8], TeopeMa 2.4) HMeeM 

^mT) - T0)\ = 1 

H, TaK KaK BTOpOft H TpeTHH MJieHbl B ( I2.40f l T-nepHOflH^HBI, ( I2.41f l MO>KeT 6t.ITb 

nepenncaHO xax 

dAF, U) = ^ [ind(^i, /)sign + 

+ind(^2, /)sign (z(^2)^, F{x{e2)))] • (2.42) 
TaK KaK {J)yHKLi,H5i / T-nepHOflHHHa, to 

md(^i,/) = -ind(^2,/). (2.43) 
Ha ocHOBaHHH cooTHomeHHH 3) H (12.431) yxBep^KfleHHe jieMMbi BbixeKaeT h3 

dzasi). 

JleMMa flOKaaana. 
JleMMa 2.7 PaccMompuM cucmeMy 

Xi = X2 

(2.44) 

X2 = —xi + £{fiXi+iyXi +cos(t)), 

2(^e a"^ := max{a, 0}, a~ := max{— a, 0}. 06o3HauuM uepes U enympeH- 
Hocmb lifUKAa X = (sint, cost) cucmeMU ({2.441) c £ = 0. Tozda, ecfiu \ii — v\ ^ 2, 



mo coomeemcmeywinuu 2ti -nepuodunecKou cucmeMe Ii2.44\ ) o6o6'ineHHUu one 



pamop ycpedneHUM Heeupootcden na dU npu s G [0, 27r]. Ecau ofce — < 2, 
modM2(-$^,/7) G {0,2}. 

^OKasaTejibCTBO. Hmccm 

/ = -/sm.(,^|W + .^rW + cos{r-.))dr = 



TT 27r 27r 

= -M / sin r sin rdr + . / sin r sin rdr - / sin . cos rdr cos 6- 

n -TT n 



277 

— / sinr sinrfir sin^ = — u — \- 1/ Trsin^, 

J ^2 2' 



l=jcosri,~.r(r) + .~.-,(r) + cos(r-e))dr = 



TT 277 277 

= y cos r sin rdr ~ ^ J ^ + ^ ^ ^+ 

77 

277 

+ J COS r sin r(ir sin 9 = tt cos ^, 



no9TOMy 

7T I COS 6 \ I sin 9 

<^%x{e)) = - {-11 ^ ly - 2sme) +7rcos^ 

^ \ — sin 6* / \ cos 6 

Hs nocjieflHeii 4)opMyjibi cjieflyeT, mto Heo6xoflHMbiM h flocTaTOHHbiM ycjiOBneM 
HeBbipojKfleHHOCTH noji5i 5iBjT5ieTC5i |/i — z/| 2. /il^Jifl flOKaaaTejTbCTBa Toro, 
MTO (iR2(— [/) ^ HcnojibsyeM jieMMy [2^6] c F = — h HanpaBjiaromeii 
4)yHKLi,HeH z(6) = (cos ^, sin ^). IlpoBepHM BbinojiHenHe ycjiOBHft stoh jiCMMbi, 
HMeeM 

z{e)) = (-/i + z/ - 2 sin^) . 
TaK KaK no ycjroBHio jieMMbi — z/| < 2, to = arcsin — ^ — 6yfleT eflnn- 



CTBeHHbiM KopHCM ypaBHeHH5i 2;(^)) = Ha HHTepBajie [— 7r/2, 7r/2]. 

riosTOMy Ha HHTepBajie [0, 27r) ypaBHenne (— = HMeex poBHO 

flBa K0pH5I 

Q\ = ^0? ecjiH ^0 ^ 0, 
^1 = ^0 + B npoTHBHOM cjiyHac, 

^2 = ^1 + TT. 

/i^ajiee, HMeeM 

((-4.^(?(.)),^(-)»'W = cos<), 



no3TOMy, ecjiH (( — (^i) = 0, to | — /i + z/| = 2, npoTHBope- 
Ma ycjiOBH5iM jieMMbi. TaKHM oGpasoM, ycjiOBHe 2) jieMMbi 12.61 yflOBjieTBopeHO. 
HaKoneu,, Tax KaK 

Sign{ -^{x{e^)), I ^^^^^^ I ) = -TTCOS^,, 




TO ycjiOBHe 3) jieMMbi 12.61 TaK>Ke BbinojiHeno. 
JleMMa flOKasana. 



B cjieflyiomeM nynxTe rjiaBbi jieMMa 12.61 HcnojibsyeTCH flJiH anajiHsa 6ojiee 
oGmero HejiHHeiiHoro cjiynasi. 

^OKasaTejibCTBO jieMMbi 12. 5L Ecjih u - pemenHe ypaBHenHH ( 12.391 ). to v = 

{u, u) yflOBjieTBopaeT CHCTCMe 

Vi = Vo 

(2.45) 

V2 = -Vi - vf + £ C0S{{1 + 5)t) , 

o6paTHO, ecjiH v - pemenHe CHCTeMbi ( 12.451) . to Vi - pemenHe ypaBnenHH ( 12.391) . 
Bea orpaHHHeHH5i o6m,HOCTH mo>kho CHHTaTb, mto us{0) = 0, Tor^a ^^(0) 0. 
SaMeHoii nepeMeHHbix 

x{t) = ^ ' 



wj(0) 

nepeftfleM ot CHCTeMbi ( 12.451) k cncTeMe 

1 (2.46) 

±2 = -Xi- iu5iO)Yxi + £ — COsiil + 5)t) . 

us{0) 

TaKHM o6pa30M, fljia flOKaaaTejibCTBa jieMMbi 12.51 flocTaTonno ycTanoBHTb, hto 
cyn],ecTByeT (5o > Taxoe, mto npn 6 G (0,^o] ycjiOBH5i TeopeMbi 12.51 CBasaHHbie 
c onepaTopoM CHCTeMbi ( 12.461) . BbmojineHbi c x{t) = — — — h T = 27r/(l + (5). 

) 

JXjisi SToro, B CBOK) onepeflb, flocTaTOMHO ycTaHOBHTb aHajiornHHoe yTBep^KfleHne 

flJia CHCTeMbi 

Xi = X2 , , 

(2.47) 

X2 = —xi — {us{0)yxi + £cos{{l + S)t). 



TaK KaK nepHOfl nepHOflH^ecKHx pemenHii nopo^KflaiomeH CHCxeMbi (12 ■451) H3Me- 



H5ieTC5i MOHOTOHHO OT 27r flo 0, KOPfla HaMajibHoe ycjiOBHe pemeHH5i H3MeH5ieTC5i 
OT (0,0) flo (+00,0) (cm. [To], npHMep c. 250), to us{0) 0, Korfla J ^ 0. Ho 
flji5i ^ = cnpaBefljiHBOCTb >KejiaeMoro flji5i cncTeMbi (12.471) yTBep:>KfleHH5i cjie- 
flyeT H3 jieMMbi 12.71 cjieflOBaTejibHO, sto yxBep^KfleHHe ocTaexcH cnpaBefljiHBbiM 
H npH Majibix 6 > 0. 
JleMMa flOKasana. 

2.4 CHMMeTpHHHbie H Bt»ipo:ac;],eHHt>ie ^ByMepHbie cjiynan 

B 3T0M nyHKTe 6yflyT paccMOTpeHbi flBa cjiy^aa, b KOTopbix ycjiOBH5i TeopeM 2.5 
H 2.6 ynpomaiOTCfl. 

2.4.1 CjiyMaii, Kor/i;a paccMaTpHBaeMaa CHCTeMa yflOBJieTBopaeT 

yCJIOBHaM CHMMBTpHH 

PaCCMOTpHM CHCTeMy 





rfle npn Ka>KflOM ^ G 



HMeiOT MeCTO C00TH0meHH5I 





/2(0 
/2(0 








(2.52) 






(2.54) 




ByflCM CMHTaTb, mto x - nepHOflH^ecKHH li,hkji nopojKflaiomeH CHCxeMbi (12 ■261} 
HaHMeHbinero nepnofla 2ti/w, yflOBjieTBopaiomHH ycjiOBH5iM (12.321) . (C) (cm. nofl- 
nyHKT 2.2.3), h 

xi(0) = 0, ^2(0)7^0. (2.56) 

06o3HaHHM Hepes ?7 C BHyTpeHHOCTb Li,HKjia x. riycTb y - pemeHne jiHHea- 
pHSOBaHHOH CHCTeMbi (12.301) . yflOBjieTBopfliomee naMajiBHOMy ycjiOBHio 

^(0)= (0,lA(0)). (2.57) 

npeflnojio»cHM flajiee, mto 

a?7n ((0,+oo) X 0) 7^ 0, (2.58) 

Hi) > 0, f2{0 < 0, ^edun ((o, +00) x (0, +00)) , (2.59) 
giiO > H g2iO > 0, ^edun ((0, +00) x (0, +00)) . (2.6O) 

BfiefleM ^, ^ G Kax 

-^2(r) , 









TeopeMa 2.6 nosBOjiaeT flOKaaaTb cjieflyiomee flocTaTOMHoe ycjiOBHe cyme- 
CTBOBaHHfl T-nepHOflHMecKHx pemeHHH b CHCTCMe (12.481) . 

TeopeMa 2.7 Ilycmh x - nepuodunecKuu v^uka nopojfcdawmeu cucmeMU ^2. 26\) 
HauMeHh'inezo nepuoda 27r/w, ydoeAemeopMwinuu ycAoeuMM (^i), (C), ( f^. 32\) 



u Ii2.56\) . Uycmt eunoAHenu ycAoeuM ^2.49[ )- l[2.55\) . Ii2.58\) - f2. 6 (A) . Tozda, ecAU 



6 



yi{27r/w)\~ ^ . ] 1^1 (27r/^ 



H — ii < min 



6 



■6,6 >, (2.61 



xi(0) [ 4x1 (0) 

mo npu ecex docmamouHO uaAux e: > cucmeMa UMeem no Kpauneu 



M 



epe dea 27t / w -nepuoduuecKux pemenuM Xg, x^ maKux, umo xJt) G t/, X£(i) 



U Oam a'H)6o20 t G [0, 27r/w], u 

p {x£{t), dU) + p (^£{t),dU^ npu s ^ 

paenoMepHO no t ^ [0^27t/w]. Tlpouue 2ti / w -nepuoduuecKue pemenuM x cucme- 
Mu 1^2. 4 8\ ) ydoeAemeop^mm ycAoeuw x{t) ^ dU Sam ak)6ux t G [0, 27r/i(;] u 



docmamoHHO uaAux e > 0. 

HaM noHaflo6HTC5i cjieflyiomaii jieMMa. 
JleMMa 2.8 PaccMompuM AuneuHyH) cucmeMy 

yA ^ ( «(^) ^(^) \ ( 

UpednoAOJfcuM, nmo a{—t) = —a{t), = ^i^)^ d{—t) = d{t) Bam a'K)6ux 

t G [ci,C2]. Tozda, ecAU y - neKomopoe pemenue cucmeMU ^2. 6S\) . mo cf^yHKV^UM 
z{t) = {y2{—t)^yi{—t)) ydoeAemeopnem na ompesne [ci,C2] conpsiotceHHOu k 
^KEE) cucmeMe. 



2.62) 



CnpaBefljiHBOCTb jieMMbi 12.81 npoBepaeTca HenocpeflCTBeHHoii noflCTaHOBKoft 



pemeHHfl z{t) = {y2{—t)^yi{—t)) b conp5i>KeHHyK) k (12.621) CHCxeMy. 
^OKasaTejibCTBO TeopeMbi [2T71 Ilojibsyficb ycjiOBH5iMH (12.491) h (12.501) . jierKO 

npOBepHTb, MTO 4)yHKLI,H5I pit) = { — Xl{ — t),X2{ — t)) 5IBJI5ieTC5I pemeHHeM CHCTe- 

Mbi (12.261) . Ho H3 (12.561) HMeeM p{0) = x(0), cjieflOBaTejibHO, 

{—xi{—t),X2{—t)) = x{t) fljiH jiio6oro t G M. (2.63) 
JlHHeapHsyfl CHCxeMy (12.481) npn £ = na Li,HKjie ir, HMeeM CHCxeMy 

(/l)(2)(^(^)) 

if2)[i)m) {h)[2)m) 

Hs ycjiOBH5i (12.531) cjieflyeT, mto 

{h)\i^m) = Af2)Ux{t)). t^^. (2.65) 





2.64) 



H3 {239]) HMeeM -(/OJi/-^, 6) = 6), K', H, yMHTbiBaa (Ejsl), 

nojiy^aeM 

(/i)(i)(5^(^)) = ^eK- (2.66) 

Hs (ESQD HMeeM (/2);i)(a,6) = (/2)(i)(-6,6), ^ G K', H, yMHTbiBaa (ESSl), 
nojiy^aeM 

(/2)(i)(5^(-^)) = (/2)(i)(5^(^)), ^gM. (2.67) 

HaKOHe^, H3 (12.491) HMeeM (/i)(2)(-6, 6) = (/i)(2)(6, 6), ^ h, yMHTbiBa5i 
(12.631) . nojiynaeM 

(/i)(2)(5^(^)) = (/i);2)(5^(-^)), ^eM. (2.68) 

TaKHM o6pa30M, Bbinojinenbi ycjiOBHH jieMMbi 12.81 na ocnoBanHH KOTopofi, y^H- 
TbiBasi TaK>Ke (12.321) h (12.571) . saKjiiOHaeM, mto 4)yHKH,HH 

m = f ] „ = f r;-*; ) (2.69) 

yflOBjieTBopfliOT conp5i>KeHHOH K (12.641) CHCxeMe h, BMecTe c xeM, ycjiOBHio (12.351) . 
Ha (12.631) fljifl jTio6oro i G M HMeeM 

Xi{-t) = Xi{t), -X2{-t) = X2{t). 

rioKa^KeM, MTO BMecTe c y pemeHneM CHCTeMbi (12.641) 5iBji5ieTC5i 4)yHKH,H5i p{t) = 

{~yi{~t):y2{ — t))- AefiCTBHTejIbHO, H3 (12.661) H (12.681) HMeeM 

Pi{t) = -{fi)[,^{x{t))yi{-t) + {fi)[2)m)y2{-t), 

H H3 (EST}, I^M) H 3aKJIK)MaeM 

P2{t) = -{f2)[i)m)yi{-t) + {f2)[2)m))y2{-t). 

Ho H3 (12.571) cjieflyeT, mto p{Q) = ^(0), nosTOMy 

-U-t)M-t)) = m. te^. (2.70) 



TaKHM o6pa30M, (|)yHKi],HH z' m z mo>kho nepenncaTb b BHfle 



z{t) = 



H Z{t) = 

-Ut) ) \ ^i{t) 

BnefleM b paccMOTpeHne BcnoMoraTejibHoe BeKTopnoe nojie F : 
flejiHB ero Ha dU kslk 

F {x{6)) = sign [^2] cos{w9) I ^ j — sm{w9) ^ 



(2.71) 



onpe- 



-^i(^) J \ ^i(O) 

OneBEflHO, nojie F HeBbipo»:fleHHO Ha dU, noKa>KeM, mto flji5i nero BbinojiHe- 
Hbi ycjiOBHH jieMMbi [2.61 c HanpaBJiHiomeH {|)yHKLi,HeH z(t) := x(t). Bo-nepBbix, 

SaMCTHM, MTO 



det 



X2{e) uo) 



(2.72) 



rioSTOMy 4)yHKLI,H5I {F (x(-) ) , z(-)) H3 yCJTOBHfl 2 JieMMbI [2^61 HMeeT BHfl 



F{x{e)),x{e)) = sign (^2) cos(w;^)det 



nojib3y5icb KOTopbiM jierKO ycTanoBHTb, mto STa 4)yHKLi,H5i flonycKaex poBHO flBa 
nyjiH 9i = tt/{2w) u 62 = Stt/w na HHTepBajie [0, 2tt/w) h CTporo MOHOTonna b 
yKaaaHHbix TOMxax. B TO>Ke speMa 

X2{e,) 



F{x{e,))., 



x{6^ 



H, SHaMHT, 



sign(F(x(7r/(2u;))), 



= —sign ( F{x{3tt/w)), 



^2(7r/(2w^)) 
-^i{7t/{2w)) 

X2{37t/w) 



-xi{3tt/w] 

TaKHM oGpasoM, Bce ycjiOBH5i jieMMbi 12.61 yflOBjieTBopenbi h, cjieflOBaTejibHO, 
d^2(F,U)e {0,2}. 



YcjiOBHe (C) H jieMMa 2.4 nosBOJiaioT yTBep>KflaTb, mto ajih o6o6iii,eHHoro one- 
paTopa ycpeflHeHH5i cooTBeTCTByiomero CHCTCMe (12.481) . cnpaBefljiHBa (J)op- 
Myjia ( 12.381) ■ IloKajKeM, mto ycjiOBHH TeopeMbi rapanTHpyiOT 



7^ 0, s, ^ G [0, 2ti/w]. 



Hs ( 12.721) cjieflyeT,HTO 



OTKyfla HMeeM TaK>Ke 



xi{e) 



= 1, e ^[0,2ti/w]., 



1, e^[o,2Ti/w]. 



riosTOMy, Hcnojibsyfl 4)opMyjiy ( 12.381) . mo^kcm aanncaTb 



($^(x(^)),F(x(^))) = 



/ 27r/i 



+ 



yi{27r/w) 
xi(0) 



,g{x{T)) ) sm(wT — w6)dT+ 



27: /w 



-X2(T 



\ 



g{x{T)) ) sin(it;r — w6)dT 



s+9 



xi[r) 
•sign ( ^2 ) cos{wt] 



J 



( 2tt/i 

/ 



Xi[T 



,g{x{T)) ) sm(wT — w9)dT 



I 



sm.{wT). 



HoKa^KeM, MTO 

27r/w 

/ 





xAt) 



COSiWT] 



sm{ WT , 



dr 



6 




2.73) 



2.74) 



Hs (12.551) H ( 12.631) fljia jiio6oro t G M HMeeM 

Xi{t^ / W — t) =Xi{Tl/w+t)^ 

gi {x{n/w - t)) = -gi {x{7^/w + t)) , 

X2{'TT / W — t) = —X2{'T^/w + 

5'2 {x{7r/w — t)) = {x{7r/w + t)) . 

B T05Ke BpeMfl, cos(7r — wt) = cos(7r + wt) h sin(7r — wt) = — sin(7r + wt), 
no9TOMy npH Bcex t G M 

X2{7r/w — t) sin(7r — wt)gi{x{7r/w — t)) = 

= —X2{7r/w + t) sin(7r + wt)gi{x{T[/w + t)), 



,g[x[T)) ) cos[WT)ar = 

xiir 







(2.76) 

xi{ti/w — t) sin(7r — wt)g2{x{7T/w — t)) = 

= —xi{7r/w + ^) sin(7r + wt)g2{x{7r/w + t)), 

H 

2t:/w in/w 

J X2{t) sm(wT)gi{x{T))dr = J Xi{t) sm(wT)g2{x{T))dT = 0. (2.77) 



AHajiorHMHO npn Bcex t G M 

X2{7t/w — t) cos(7r — wt)gi{x{7T/w — t)) = 

= X2{7t/w + t) cos(7r + wt)gi{x{7r/w + t)), 
^ _ (2.78) 

xi{t:/w — t) cos(7r — wt)g2{x{7T/w — t)) = 

= xi{7t/w + t) cos(7r + wt)g2{x{7T/w + t)), 

H 

27r/u' 





tt/w 

= 2 I (i I ,£/(x(r)) )cos(w;r)(ir. (2.79) 



Xx\T) 

/]^ajiee, no ycjiOBHio (12.581) TeopeMbi cymecTByeT > ^ TaKoe, mto X2(^*) = 0, 
6e3 orpaHHHeHHii o6iii,hocth mo^kho CHHTaTb, hto 

X2{i) ^ npn Bcex t G [0, t J. (2.80) 



Hs ( 12.631) cjieflyeT, mto G [O^n/w]. IlojibayHCb (12.511) h ( 12.521) . jierKO ycTano- 

BHTb, MTO CHCTeMe ( 12.261) yflOBJieTBOp5ieT (|)yHKI],H5I]3(t) = {xi{t^—t), —X2{t^ — t)). 

B TOJKe BpeMfl, B CHjiy aBTonoMHOCTH CHCTeMe ( 12.261) yflOBjieTBop^eT TaKJKe h 

4)yHKLI,H5I g(^) = {Xl{t^ + t)^X2{t* + ^))- Ho ]3(0) = ^(0), SHaHHT 

- i), -X2(^* - t)) = {xi{U + t),X2{U + t)), i G M (2.81) 

H, B MaCTHOCTH, (0, — ^2(0)) = (xi(2t^), X2(2^^)). Hs = Xi{2t^)^ Ha OCHOBaHHH 

( 12.631) ■ cjieflyeT, hto hhcjio At^ 5iBji5ieTC5i HepnoflOM x. C flpyroft CToponbi, h3 
— ^2(0) = X2{2t^) HMeeM, HTO 7^ tt/w h, cjieflOBaTejibHO, G [0,47r/i(;). Ho 
Ha HHTepnajie [0,47r/i(;) ecTb tojibko OflHO hhcjio 2ti/w^ 5iBJT5iion],eec5i nepnoflOM 
X, no9TOMy = 2t{/w = 7r/(2w). TaKHM oGpaaoM, fljiH jiK)6oro t G [0,M] 
paBeHCTBO ( 12.811) mo:«;ho nepenncaTb cjieflyiomHM oGpasoM 

OTKyfla, yMHTbiBaii ( 12.541) . flji5i jiio6oro ^ G M HMeeM 

xi(7r/(2w;) -t) = -xi{7t/{2w) + 
^1 {x{7r/i2w) - t)) = -g, {x{7,/{2w) + t)) , 

X2(7r/(2i(;) - = X2(7r/(2u;) + t), 
g2 {x{'k/{2w) - t)) = g2 {x{ii/{2w) + t)) . 

IlojibsyHCb HOjiynenHbiMH cooTHomeHHHMH h yHHTbiBasi, hto sin(7r/2 — wt) = 
sin(7r/2 + wt)^ npn Bcex t G M HMeeM 

X2{'Ti/w — t) sin(7r/2 — wt)gi{x{Ti /w — t)) = 

= —X2{'T^/w + t) sin(7r/2 + wt)gi{x{7T/w + t)), 

(2.83) 

xi{ti/w — t) sin(7r/2 — wt)g2{x{'K / w — t)) = 

= —xi{'k/w + t) sin(7r/2 + wt)g2(x{'K / w + t)). 

AHajiorHHHO, yHHTbmaa, hto cos(7r/2 — wt) = — cos(7r/2 + wt), npn Bcex t G M 



HMeeM 

x^ir: jw — t) cos(7r/2 — wt)gi{x{7r/w — t)) = 

= X2{7t/w + t) cos(7r/2 + wt)g\(x{TT / w + i)), 

x\{t^/w — t) cos(7r/2 — wt)g2{x{7r/w — t)) = 

= xi{7t/w + t) cos(7r/2 + wt)g2{x{7T/w + t)). 
Hs (12.841) cjieflyeT, mto 

tt/w ^ ^ 

^ ' g{x{T)) ) cos{wT)dT = 



(2.84) 





tt/{2w) 



xiir 



= 2/(1 ^^^^"^ \ ,g{x{T)) )cos{wr)dT. (2.85) 
a:i(r) 

PaBeHCTBa (12.771) . (12.791) h (12.851) osHaMaiOT, mto cooTHomeHne (12.741) BbinojiHeHO 



H, BBOflfl ^ : M ^ KaK 

27r/w 



/ (I rf? .5(^w) r i''^' (2.86) 

xi(t) I / \ siniwr) 



t 



MO^KCM nepenncaTb {^^{x{6))^ F{x{6))) b BHfle 

{^^{x{e)),F{x{e))) = 

cos(u;^) / / xi{0) \ \ cos{we) 



•sign {^^2j cos{w6)- 

a W - sin(i/;^) 
/ ' I cos(u;^) 



sin(w;^) 



-6 - ^i?^^^i(s + 6) 1 sin(u;^)sign (g) cos{w9)+ 
xi{0) J ^ ^ 

+ ksign (S) + ^i|^^2(. + e)sign (g) j cos^{»fl)+ 



/ 

+^1 sin [w 



TaKHM o6pa30M, fljin flOKaaaTejibCTBa >KejiaeMoro 4)aKTa ( 12.731) flocTaTOMHO ycxa- 

HOBHTb, MTO 



mm 

s,6'G[0,27r/w] 



6 



+ 



> max 

s,6'e [0,27r/?i;] 



6 + 



xi(0) 



J^2(s + ^)sign 6 cos'(w;^) + 



> 



^i(O) 

Hs ycjiOBHii (12.591) h ( 12.801) cjieflyex, mto 



-^1(5 + ^) sm{w9) cos{w9) 



2.87) 



^i(^) > npH t G [0,7r/(2i(;)). 



2.881 



Hs nocjieflHero, b MacTHOCTH, cjieflyeT, mto 4)yHKLi,Hii xi CTporo BoapacTaeT Ha 
HHTepBajie [0, 7r/(2i(;)), no9TOMy 



xi{t) > npH t G (0,7r/(2i(;)]. 



;2.89) 



riocKOJiBKy HMeeM ( 12.601) . to OLi,eHKH ( 12.801) h ( 12.891) BjiexyT 



gi{x{t)) > H g2{x{t)) > npH t G (0,7r/(2i(;)). 



HaKOHeu,, h3 ( 12.591) h ( 12.891) HMeeM 

X2(t) < npH t G (0, tt/{2w 
On,eHKH ( 12.901) h ( 12.911) hosbojihiot saKjiioMHTb, mto 



6 >o. 



2.90) 



2.911 



;2.92) 



B CHjiy cooTHomeHHH ( 12.761) . h yMHTbiBaa 27r/i(;-nepHOflHMHOCTb noflHHTerpajib- 
Hbix (J)yHKn,HH B ( 12.861) ■ HOjiynaeM 

max 1^2(^)1= max 1^2(^)1 • 

te[0,47r/u;] te[27r/w,37r/w] 

Ha ocHOBaHHH cooTHomeHHH ( 12.831) 



max 1^2(^)1 = max 1-^2(^)1 

t&\2TTlwMlw] tef47r/(2w;),57r/(2w;)l 



Ho H3 ( 12.881 ) ■ ( 12.901) h ( 12.911) cjieflyex, mto 4)yHKLi,HH r —X2{t) sm(wT)gi{x{T)) 
H r ^ xi{r) sm{wr)g2{x{r)) HeoTpHLi,aTejii.Ht.i Ha [0, 7r/(2i(;)]. IlosTOMy 

max 1^2(^)1 = |^2(57r/(2^))| = 

ie[0,47r/w] 



57r/(2u;) 



Xi(T 



g{x{T)) ) sm(wT)dT 



47r/(2u)) 

H, cyMMHpyn ( 12.761) h ( 12.831) . nojiy^aeM 



max 1^2(^)1=6/4. 

ie[0,47r/w;] 



Hs ycjiOBH5i ( 12.611) TeopeMbi h ( 12.931) cjieflyeT, hto 

yi{27c/w) 



6 



> max 

s,6le [0,27r/u;] 



^i(O) 



IlosTOMy HMeeM 



mm 

s,ee[0,2Tr/w] 



6 



yi{27r/w) 



> min < min 

s,eG[0,2Tr/w] 



6 



xi(0) 
+fisin^(w;6') 

^ yi{27T/w) 



J^2(s + ^)sign 6 cos2(w;^)+ 



> 



> min < min 

s,ee[0,2n/w 



^i(O) 

(cos2(u;^) + sin2(w^)) > 
l^i(27r/^)| 



^2(s + ^)sign 6 ,a 



6 



xi(0) 



1-^2(5 + ^)1 ,6 = 



= mm 



6 



\U^7C/W)\ 



max |J?^2(s + 6')| ,6 



(2.93) 



xi(0) .^,0e[0,27T/w] 

noflCTaBji5i5i ( 12.931) B nojiyMeHHoe HepaBeHCTBO h ncnojibsya ycjiOBne ( 12.611) . HMe- 
eM 

yi{27r/w) ^ . , ^^ . 1 2, 



mm 

S,0e[O,2TT/w] 



6 



+ 



^i(O) 



J^2(s + ^)sign 6 cos"(w;^) + 



+6 sin^(i(;^) 



> 



6 



l^i(V^)l r 

^i(0) 



TaKHM o6pa30M, fljia saBepmenHH flOKaaaTejibCTBa HepaBencTBa ( 12.871) ocTaexcH 
noKasaTb, mto 



max 

s,6'G[0,27r/w] 



6 + 



yi{27T/w) 



< 6 + 




fljiH Mero, B CBOio o^epeflb, flocTaxoMHO ycTanoBHTb, mto 




(2.94) 



^eiicTBHTejibHO, OLi,eHKH ( 12.881) . ( 12.901) h ( 12.911) BjiexyT 




XiiT 



X2[r 



) 



g{x{r)) ) cos{wr)dT > 0, r G [0, 7r/(2i(;)]. 



(2.95) 



^ajiee, Ha ocHOBaHHH HepaBeHCTB ( 12.841) MHo:>KecTBO SHaneHHii r, npn KOTopbix 
HepaBeHCTBO ( 12.951) BepHO, M05KeM pacmnpHTb c [0, tt/ {2w)] flo [0, tt/w] h saTCM, 
Ha ocHOBaHHH HepaBeHCTB ( 12.781) c [0, tt/w] flo [0, 27t/w]. HaKoneii,, b CHjiy 27t/w- 
nepHOflHMHOCTH no r jieBoii nacTH HepaBencTBa ( 12.951) saKjiiOMaeM, mto oho Bepno 
npH Bcex r G M. IlojiyHeHHoe cbohctbo oananaeT, hto 



TO ecTb HMeeM ( 12.941) h, cjieflOBaTejibHO, CHpaBefljiHBOCTb HepaBencTBa ( 12.871) 
ycTanoBjiena. KaK OTMenajiocb panee, CHpaBefljiHBOCTb SToro nepaBencTBa oana- 
HaeT, HTO BbiHOJiHeno ( 12.731) . IlosTOMy npn jik)6om s G [0^27t/w] onepaTop 
HeBbipo^Kflen na dU, h 



TaKHM o6pa30M BbiHOjineHbi Bce ycjiOBHn TeopeMbi 2.5, npHMenfl^i KOTopyio 
HOjiynaeM yTBep^Kflenne flOKasbiBaeMOH TeopeMbi. 
TeopeMa flOKaaana. 




^iM^(-$^ U) = (iM^($^ U) = dK2(F, U) G {0, 2}. 



SaMenaHHe 2.1 B ycAoeuMX meopeMu\2J]\ hucao noA09fcumeAt>HO (cm. (f)op- 
MVAV doKaaameAhcmea) . 

SaMenaHHe 2.2 B ycAoeuMX meopeMu \2.7\ <^yHK%UM, /(^O) UMeem eud 

T 

f{e, 0) = JW (i^(r), sin(^(r - ^))^(x(r))) || dr, ^ G [0, T] 



(cm. (f)opMyAy\2J7J} doKasameAtcmea) , mo ecmt coenadaem c cy62apMOHUuecKou 
nopndKa 1/1 ^yHK%ucu McAtHUKoea M'^/'^ cucmcMU 1^2. 1\) (cm. [3l^ . ^opMyAa 
dAM Aq(v), c. 42 UAU Jl^Dtc. FyKeHxeuMep u 0. Xoamc fW^ . ^opMyAa 4-6.2). B 
uacmHocmu, M^/-^ UMeem poeno dea npocmux uyAH na unmepeaAe [0,2tt/w). 

J\jl5l TOrO, HT06bI SaMCTHTb, MTO B yCJIOBHSX TeOpeMbI 2.7 (|)yHKI],H5I M^/^ HMe- 

eT poBHO flBa npocTbix rjjisi Ha [0, 27r/i(;), flocTaTOHHO o6paTHTbC5i k 4)opMy- 
jie (12.741) flOKaaaTejTbCTBa SToii TeopeMbi, h3 KOTopoft cjieflyeT, hto M^^^{6) = 
—^1 sm{w6). 

IIpHMep 2.2 HjijiiocTpai^HH pa6oTbi TeopeMbi 12. 71 paccMOTpHM cjie^yiomyio 
MOflH(J)HLi,HpoBaHHyK) CHCTeMy rpHHcnana-XojiMca (cm. [53]) 

xi = xoil — S(xl: + Xn)) 

^ ^ ' (2.96) 

X2 = -xi{l - 6 {xl + xD) + £sm{{l - 6)t), 

Ha npHMepe KOTopoft BbmcneHHe CMbicjia ycjiOBHft (12.611) npeflCTaBJi5ieTC5i nan- 
6ojiee HarjiflflHbiM. 

JlerKO npoBepHTb, hto npn 6 G (0, 1) CHCTeMa (12.961) yflOBjieTBopaeT ycjiOBH- 
5IM (I2.49l) -( l235l ). (12. 581) - ( 12^601 ). h nopo»cflaK)iii,a5i CHCTeMa 

xi = X2{1 - 6{xl + xl)), 



(2.97) 

X2 = —Xi{l — 6{xl + X2)) 



flonycKaeT ceMeHCTBO li,hkjiob 



x{t) =1 I , a > 0. 

a cos((l — 6a^)t) 



x{t) = 



(2.98] 



PaccMOTpHM safla^y o BoaMymeHHH Li,HKjia 

sin((l - 6)t) 
cos((l - 6)t) 

nepHOfla 27r/ (1 — ^), cosnaflaiomero c nepnoflOM BOSMymeHHa. JlerKO npoBepHTb, 
MTO Li,HKji X yflOBjieTBopsieT ycjiOBH5iM (^i), (C), (12.321) H (12 .561) . JlnHeapHSOBaH- 
aasi Ha x CHCTeMa (12.971} HMeeT bh^ 

yi 
m 



-2(5sin((l - 6)t) cos((l - 6)t) 1-6- 2^cos2((l - ,5)^) 
-1 + 6 + 2^ sin2((l - 6)t) 2(5sin((l - 6)t) cos((l - 6)t) 



o 



yi 

H KpoMe 27r/(l — ^)-nepHOflHHecKoro pemenHH 

cos((l - 6)t) 
-sm{{l -6)t) 

yflOBjieTBop5iioiii,ero HaMajibHOMy ycjiOBHio x{0) = (1 — (5, 0), flonycKaeT cjieflyio- 



= (1 - ^) 



mee pemeHHe 



1-6 



-26tcos{{l - 6)t) + sin((l - 6)t) 
26tsm{{l - 6)t) + cos((l - 6)t) 



yflOBJieTBopfliomee HanajibHOMy ycjiOBHio ^(0) = (0, 1/ {1—6)). Ilocjie neKOTopbix 
npeo6pa30BaHHH fljia ^ h ^ nojiy^aeM cjieflyiomHe Bbipa:>KeHH5i 

/ X / 267T^ \ 

4/3 
I 4/3 / 

Ha ocHOBaHHH KOTopbix ycjiOBHe (12.611) TeopeMbi 12.71 flji5i cncTeMbi (12.961) aann- 
cbiBaeTCH B BHfle 



7T 



26tt' 



(1-^)3 3n_j)2 



< min 



4(57r 



il-6)^ 3(1-J)3'3 



HeTpyflHO saKjiiOMHTb, mto nocjreflHeMy HepaBencTBy yflOBJiexBopHiOT Bce ^ > 0, 

npH KOTOpblX 

2(1 - 6f - (Stt^ + 87t)6 > 0. (2.99) 

ToMHoe pemeHHe HepaBeHCTBa (12.991) mo^kct Gbitb nojiyMeHO npn noMOiii,H h3- 
BecTHbix 4)opMyji Kapflano flJiH Kopneft MHoroMjienoB TpeTBeft CTenenH (cm. |34) . 
Fji. Ill, § 3.2). B HacTOHmeii flHccepTaLi,HH mbi orpaHH^HMca saKjiioHeHHeM o tom, 
MTO HcpaBCHCTBy (12.991) yflOBjieTBop5ieT OTpesoK [0,1/40], npoBep5ieMbiM Heno- 
cpeflCTBeHHOH nocTanoBKOH mhccji 6 = m 6 = 1/40 b flannoe HepaBCHCTBO. B 
jiK)6oM cjiy^ae, h3 HcpaBCHCTBa (12.991) cjieflycT, mto ycjiOBne (12.611) TeopcMbi 2.7 
CB5i3aHO c orpaHHMeHHeM na HejiHHeftHOCTb nopojKflaiomeH CHCTCMbi (12.971) . 
TaKHM o6pa30M, xeopeMa 12 . 71 nosBOJiHCT nojiy^HTb flji5i CHCTCMbi (12.961) cjiefly- 



lomee yTBep:«;fleHHe, 6ojiee CHjibHoe, mcm yTBep:«;fleHHe jiCMMbi [23] o 27r/(l — ^)- 
nepHOflHMecKHx pemeHH5ix ypaBnenHH ^y(|)(|)HHra. 

npefljio:aceHHe 2.1 nycmt S G (0, 1/40]. Cyiu^ecmeyem > manoe, umo: 

1) npu KaofcdoM e G (0,£o] eo3Myiu,eHHoe ypaenenue l \2. 96\) UMeem no npau- 
neu Mepe dea paajiuHHUx j^-nepuodunecKux pemenuM x^-, x^ maKux, nmo sna- 
HCHUM (fiyuKv^uu Xs Aeofcam cmposo enympu edunuHHOzo npyza, a ananeHUH 
(^yuKi^uu Xs JieMcam cmpozo cnapyotcu edunuuHozo npyza; 

2) ecjiKoe j^-nepuoduuecKoe pemenue x cucmeMU ({2. 9^) c £ G (0,£:o] "^cl- 

K060, HTTIO \\x{t)\\ 1 UpU AK)6oM t G [O, j^] ] 

3) pemenuM Xg u Xg ydoeAemeopMTom ycAoeuMM 

Xe{t) (sin ((1 -(5) (^-^)) ,cos ((1 - (5) (^-^))) u 

^e{t) (^sin (^{1 -5) (^-9^^ , cos (^{1 - 5) (^-9^^^ npu e Bam 
HCKomopux 9,9 E [O, . 



2.4.2 CjiynaH, Kor^a nopo»;/i;aioii],HH ii;hkji aBjiaeTca Bbipo:acfleHHbiM 

B 9T0M noflnyHKTe npeflnojiaraeTCsi, hto {x{-,a)}a>o - ceMeiicTBO li,hkjiob 
nopo>KflaK)iii,eH CHCTeMbi ( 12.261 ) TaKHx, mto 

x(0,a) = (0,a), (2.100) 

H BeKTopbi x(0, a) H x'^^>|(0, a)(0) jTHHeftHO-HeaaBHCHMbi fljia Bcex a > 0, to cctb 

x(0,a) ^X(i)(0,a)(0), a > 0. (2.101) 

Hepes r(a) oGosHanaeTCsi HaHMeHbiiiHH nepnofl Li,HKjia x(-,a). 

Onpe^ejieume 2.2 JJ^UKA x{-,ao) ceMeucmea {x{-,a)}a>0: ydoeAemeo- 
pMW'muu ycAoeuHM l^2.10(A) - l^2.101\) . 6ydeM Hasueamt eupoDfcdeHHUM, ecAU 

T'iao) = 0. 

CjieflyiomHii npHMep noKasbiBaeT, mto ecjiH li,hkji x{-,ao) flBji5ieTC5i Bbipo>K- 



fleHHbiM, TO npHMeneHHe TeopeMbi 12.51 SHaqHTejibHO ynpomaeTCfl. SaTCM sto na- 



6jiiofleHHe o6ocHOBbiBaeTC5i, h cooTBeTCTByiomne ynpoiii,eHH5i TeopeM 12.51 h 12.6 
(|)opMyjiHpyK)TC5i fljifl o6iii,ero Bbipo^Kflennoro cjiy^aH. 



2 

1) +1 



IIpHMep 2.3 PaccMOTpHM CHCTeMy 

Xl = X2 (^(^\/xl + xl-l^ 

X2 = -xi(^^y/4T4-^y (^-^^^^ 

+e(/iXj^ + vx^ + cos((l + S)t)). 

nopo>KflaK)iii,a5i CHCTeMa 

Xl = X2 ((^\/xl+xl- 1^ +1 



X2 = -Xl ( + - 1^ +1 



(2.103) 



flonycKaeT ceMeiicTBO li,hkjiob 

' sin (((a -1)2 + 1) t) 
cos (((a -1)2 + 1) t) 



x{t, a) = a 



nepHOfla 

= 7 n2 I T 

(a — 1)"^ + 1 

TaKHM o6pa30M, HMeeM 

r'(l) = 



H, 3HaMHT, LI,HKJI x{t) = x{t, 1) = (sint,COS^) CHCTeMt.1 ( 12.1031 ) 5IBJI5ieTC5I Bt.ipO>K- 

fleHHbiM. OKasbiBaeTCfl, jiHHeapH30BaHHa5i na Li,HKjie x CHCTeMa ( 12. 1031) HMeex 

BHfl 

^ yA ^( ^ \ ( 

m ) \-i ) \ y2 

H, 3HaMHT, pemeHHe y^acTByiomee b {J)opMyjie flji5i o6o6iii,eHHoro onepaTopa 
ycpeflHeHH5i cncTeMbi (12.1021) . flaeTC5i (jDopMyjioii 

( '^"^^^ 
\ cos(t) 

OTCiofla cjieflyeT, mto onepaxop fljiH CHCTeMbi (12.1021) coBnaflaex c onepaTopoM 
flji5i KOCHHycoHflajibHO BoaMymeHHOH jiHHeHHoii CHCTeMbi (12.441) . paccMOTpen- 
Hoft B jieMMe 12.71 IlojiyHaeM cjieflyiomee yTBep:>KfleHHe 

IIpefljiOiKeHHe 2.2 nycmt |/i — z/| < 2. Tosda cymecmeyem Eq > manoe, 
nmo: 

1) npu KaatcdoM e G (0,eo] cucmeMa l \2. 1 OB) UMeem no Kpauneu Mepe dea 
2ti -nepuodunecKux pemenuM, Xg, Xe maKux, nmo ananeHUfi cf)yHKV,uu x^ Aeotcam 
cmposo enympu eduHUHHOzo Kpyga c u^eHmpoM e Hy./ie, a ananeHUfi ^yuKu^uu x 
Aeofcam cmpozo cnapyotcu smozo npyza; 

2) ecMKoe 271 -nepuodunecKoe pemenue x cucmeMU ^2.1 OB) c £ G (0, eo] f^ci- 
K060, nmo \\x{t)\\ ^ 1 npu ,/17o6om t G [0,27r] ; 

3) pemenue Xe u Xs ydoejievaeopmom ycAoeuMM 
Xs{t) ^sin (t — 0^ , cos (^t — u 

Xs{t) ( sin ( t — 6* ) , cos [t — 9] ) npu e ^ Sam, ueKomopux 0,0 E [0, 27t] . 



B o6iii,eM me Bbipo>KfleHHOM cjiy^ae cnpaBefljiHBO cjieflyiomee yTBep>KfleHHe. 

JleMMa 2.9 Ecau ii,uka x{-,ao) mAMemcM eupoatcdeuHUM, mo Kaoicdoe pe- 
menue AuneapusoeaHHOu cucmeMU ^2. 3(A) c x := x{-,ao) MeAMemcM T(ao)- 
nepuoduuecKUM. 

/l^OKasaTejTbCTBO. Tax xaK npaBaa nacTb nopo^Kflaromeii cncTeMbi (12.261 ) 
HenpepbiBHO flH{|){J)epeHLi,HpyeMa, to (cm., nanpHMep, Jl. C. IloHTpflrHH [12] , 
Fji. 4, § 24) 4)yHKLi,Hfl (t, a) x{t,a) nenpepbiBHO flH4)4)epeH-Li,HpyeMa no co- 
BOKynHOCTH nepeMeHHbix. B npe^ejiax flaHHoro flOKasaTejibCTBa Mepes x[ h x'^ 
o6o3HaHaK)TC5i npoHSBOflHbie 4)yHKij,HH X no nepBon n BTopon nepeMennbiM co- 

OTBeTCTBeHHO. /]^H{|){|)epeHI],Hpy5I TO:»CfleCTBO 

x[ = f{x{t,a)) 

no a, nojiynaeM 

x'ta = f'{x{t,a))x'^, 

cjieflOBaTejibno, y = x^(-,ao) 5iBJi5ieTC5i pemenneM jinneapnaoBannon cncTeMbi 
(12.301) cx = x{-, ao). HMeeM 

y{T{ao)) - y{0) = hm 

x(0, ao + A) - x(0, ao) 

— iim : = 

A^O A 

_ ^.^ x{T{ao),aQ + A) - x{0, ap + A) ^ 
A^o A 
-x{T{ao), ao) + x{0, ao) 



= lim 



A 

x{T{ao), ao + A) — x{0, ao + A) 



A^o A 
= {x{T{-), ao))' (ao) = x[{T{ao), ao)T\ao) = 0, 

TO ecTb y - r(ao)-nepHOflHMecKoe pemeHne cncTeMbi (12.301) . Ho 

' A^O A A^O I I 



cjieflOBaTejibHO, yu x[(-, ao) -flsa jiHHeiiHO-HesaBHCHMbix r(ao)-nepHOflHMecKHx 
pemeHHH (flByMepHofi) cncTeMbi (12.301 ). 
JleMMa flOKasana. 

Ha jieMMbi \2M cjie^yeT. hto ecjiH li,hkji x = ao) 5iBji5ieTCii Bbipo>KfleHHbiM, 



TO (J)opMyjia ( 12.381 ) p^jisi onepaxopa npHKHMaex snaMHTejibHO 6ojiee npocToft 
BHfl: 

^'{x{e)) = f{e)x{e) + f{e, o)y{e) j^r^i jhoGmx s,e er, (2.104) 

rfle 

T 

1(0.0) = I mr),g{r-e,x{r),0))dr, 


T 

m= [ {z{r),g{r-e,x{r),0))dr. 



CooTBeTCTBeHHO, nojiy^aeM cjieflyiomHe cjieflCTBHH h3 TeopeM 12.61 h 12.71 fljiH 
cjiy^aii Bbipo>KfleHHbix li,hkjiob. 

CjieflCTBHe 2.1 nycmt eunoAHenu ycAoeuM [Ai) u (C). nycmt T- 
nepuoduuecKuu ii,UK./i x = x(-,ao) ^eAMemcM eupoomdeHHUM. UpednoAootcuM, 
Hmo Oam KaMcdo20 6q G [0, T] maK020, umo /(^o? 0) = 0, umccm 

m) + 0. 

Tozda cymecmeyem e > maKoe, umo npu naotcdoM e G (0, Eq] ecMKoe T- 
nepuoduuecKoe pemenue x cucmeMU ^2.21\) maKoeo, umo x{t) ^ dU npu ak)6om 
t G [0, T] , 2(?e U cM? - enympeHHOcmh u^ukaq x. EoAee mo20, ecAU useecmno, 
umo 

dK^-^"^, f/) 7^ 1, 

TOO npu ecex docmamoHHO uaAux e > cucmeMa l^2.2'7\) umeem no Kpauneu 
Mepe dea T -nepuoduuecKux pemenuM x^ u x^ nnaKux, umo Xs{t) G Xs{t) ^ U 
dAM Awdozo t E [0, r], u 

p{xs{t),dU) + p (xs{t),du'] ^ npu £ ^ 



paeHOMepno no t E [0, T]. 



■ — ' 

HanoMHHM, MTO MHCjio ^1 G M H BCKTop G M B TeopcMe 12.71 BBe^eHbi KaK 

7r/(2u;) 



6 = 4 



e = 




g{x{T)) ) cos{wT)dr, 



g{x{r)) 




COSiWT] 



smiwT] 



dr. 



CjieflCTBHe 2.2 Ilycmh x = Ofo) - eupoDtcdeuHuu nepuoduuecKuu v^uka no- 
poQicdawiu,eu cucmeMU ^2. 26[) HauMeuhmezo nepuoda 2ti/w^ ydoeAemeop^winuu 
ycAoeuMM (^i), (C), ( f^. 3^) u ^KSR). Ilycmh eunoAHenu ycAoeuM cuMMempuu 
^EM)-^KM). To2da, ecAu 



6 



< mm 



6 



6 



(2.105) 



TOO npu ecex docmamoHHO uaAux £ > cunycoudaAhHO eo3Myui,eHHaM cucme- 
Ma (2^4^ UMeem no Kpauneu Mepe dea 27t / w -nepuoduuecKux pemenuM Xg, Xg 
manux, umo Xs{t) G ?7, Xs{t) ^ U dAM aio6o20 t G [0,27r/i(;], u 

p {xs{t), dU) + p (^s{t)^dU^ npu e ^ 

paeHOMepno no t E [0,27r/w]. Tlponue 2t{ / w -nepuodunecnue pemenuH x cucme- 
MU (2^4^ npu £ G (0, £o] ydoeAemeopMTom ycAoeuw x{t) ^ dU Sam AKi6oeo 
t G [0,27r/w] . 



2.5 ConocxaBjieHHe nojiynenHbix pesyjibxaxoB c HMeiomH- 
MHca B jiHTepaxype 



B CHjiy jieMMbi 12.11 flji5i o6o6iii,eHHoro onepaTopa cflBnra cncTeMbi (12.11) cnpa- 
BefljiHBO cooTHomeHHe 

s 

iliT,s,0-r]{Q,s,0= J n^(0,r,n(r,0,O)^(r,n(r,0,O,0)a(r = 



s-T 



s 

= J y-^(r,O^(r,n(r,0,O,0)rfr, (2.106) 

s-T 

rfle - HopMHpoBaHHaa (y(0,^) = /) (|)yHflaMeHTajibHa5i MaTpHLi,a CHCTe- 

Mbi y = f'^^,^{t,Q{t,0, ^))y. Hs ( 12.1061) cjieflyex, mto npn / = onepaxop 

HMeeT BHfl 

T 

^'(0 = / ^/(r,^,0)(ir, 



TO ecTb He saBHCHT OT s H coBnaflaeT c KjiaccH^ecKHM onepaTopoM ycpefl- 
HeHH5i KpbijiOBa-BorojiK)6oBa-MHTponojibCKoro, cm. [33j, (|)opMyjia 7.112. 
CooTBeTCTByiomaii TeopeMa npHHLi,Hna ycpeflHeHH5i KpbijiOBa-Borojiio6oBa- 
MnTponojibCKoro o T-nepHOflH^ecKHx pemeHHflx CHCTeMbi ( 12.11) 6bijia BnepBbie 
c(|)opMyjiHpoBaHa b TepMHHax TeopHH TonojiorHMecKoii CTeneHH }K. MaBCHOM b 
ero flHccepTaLi,HOHHOH pa6oTe [61] (no3>Ke onyGjiHKOBana b [65]) h yTBep>KflaeT, 

T 

MTO ecjiH J g{T,^^0)dT flji5i Bcex ^ £ dU, to npn flocTaTOMHO Majibix £ > 



onepaTop 

T 



{Qex){t)=x{T) + £ J g{r,^,£)dT 



He HMeeT nenoflBH^KHbix ToneK na dWjj, h d(I — Qs-, Wu) = 
^— J (/(r, •, 0)<ir, [/^ . TaKHM oGpasoM, flOKaaaHHaa b HacToamefi rjia- 
Be TeopeMa 12.11 5iBjifleTC5i o6o6iii,eHHeM yKaaaHHoft TeopeMbi MaBena. 

B cjiy^ae, Kor^a nopo:>Kflaioiii,a5i cncTeMa ( 12.21) HMeeT HeBbipo:>KfleHHbiH n,HKji 
X nepnofla T, TeopeMa 12.61 flonojiH5ieT KjiaccHMecKHft MeTOfl B. K. MejibHHKO- 
Ba ([31], jieMMa 7), KOTopbifi yTBep:>KflaeT, mto ecAU man HaaueaeuaM, ^ynKV^UM, 
MeAhHUKoea 

T 

dr 



M'l\e)= / ||(i(r),5(r-^,x(r),0)) 



UMcem HyAb 9q G [0, T] maKou, umo (Af -^/^) (^o) 7^ 0, mo npu ecex docmamou- 
Ho MttAux e > eo3Mym,eHHaM cucmeMa ^2. 1\) donycKaem T -nepuoduuecKoe 



pemenue Xg, ydoeAemeopMTOinee ycAoeuTO 

Xe{t) x{t + 6*0) npu £ ^ 0. 



TaKHM oGpasoM, TeopeMa 12.61 flaeT ycjiOBHH, npn KOTopt.ix T-nepHOflH^ecKHe 
pemeHH5i MejibHHKOBa He nepeceKaiOT nopo^KflaiomHH li,hkji. Bojiee Toro, TpaeK- 
TopHH pasjTHMHbix T-nepHOflHHecKHx pemeHHH MejibHHKOBa Moryx coBnaflaTb, 



B TO BpeM5i KaK TeopcMa 12.61 rapaHTHpyeT cymecTBOBaHHe fljiii CHCxeMbi ( 12.11) no 



KpaHHefi Mepe flByx T-nepHOflnnecKHx pemeHHii c pasjinnHbiMH TpaeKTopH5iMH. 

CKasaHHoe nosBOJiHJio ycTanoBHTb (jieMMaETS), ^to nepHOflH^ecKHe pemenHH 
BoaMymeHHoro ypaBHeHna /]^y4)(]3HHra He nepecexaiOT nopo>KflaK)n],Hx h,hkjiob 
Majioii aMnjiHTyflbi. TaKoe cbohctbo OTcyTCTByeT b KjiaccH^ecKHx pesyjibTaxax 
o nepHOflHnecKHx pemeHH5ix ypaBHeHH5i /]^y(J)(J)HHra, nojiynennbix A. J\. Mopo- 
soBbiM [35] H B. FpHHcnaHOM-O. Xojimcom [53j. Ha flOKasaTejibCTBa jieMMbi [23 
cjieflyeT, mto ee yTBep>KfleHH5i cnpaBefljiHBbi TaKJKe fljia ypaBnenHa 

U + U + = £{flXi + UXi + cos((l + S)t)), 

rfle 1^ — z^l < 2, K KOTopoMy b CHjiy HeflH{|){|)epeHLi,HpyeMOCTH npaBoft ^acTH 
MCTOfl MejibHHKOBa He HpHMeHHM. TaK:>Ke ycTanoBjieHbi anajiorHnHbie CBoficTBa 
T-HepHOflHnecKHx pemeHHii flji5i CHCTeMbi FpHHCHaHa-XojiMca (npHMep 12.21) . hto 
CTajio B03M0>KHbiM 6jiaroflap5i npefljio^KenHoft fljia CHMMeTpHMHoro cjiy^afl xeo- 
peMe 12.71 OxMeTHM (cm. saMenaHne 2.2), hto b cjiynae CHMMeTpHHHbix ch- 
CTeM, paccMaTpHBaeMbix b xeopeivie 12.71 cooTBeTCTByK)n],a5i 4)yHKu,H5i MejibHHKO- 
Ba M^^^{6) HMeeT poBHO flBa npocTbix nyjisi na HHTepnajie [0, T). 9to osnanaeT, 
HTO B o6ii],Hx ycjiOBH5ix TeopeMbi 12.71 H yKasaHHoii Bbime TeopeMbi MejibHHKO- 
Ba, nocjieflH5i5i TeopeMa Bcerfla rapaHTHpyeT cyii],ecTBOBaHHe fljia cncTeMbi ( 12.11) 
TOHHO TaKoro KOjinnecTBa HepHOflnnecKHx pemeHHii (flByx) b6jih3h Hopo>Kfla- 
iom,ero n,HKjia x, mto h TeopeMa 12 .71 . ho TeopeMa 12 . 71 ^OHOJiHHTejibHO yTBep>KflaeT, 
HTO TpaeKTopHH HOjiyHeHHbix pemeHHii ne nepeceKaiOTCii. 

HaKoneu, OTMeTHM, hto b paccMOTpenHOM b nynKTe 2.4 cjiynae Bbipo^Kflennoro 
Hopo>Kflaiom,ero n,HKjia MeTOfl MejibHHKOBa ne pa6oTaeT a HMeiom,Hec5i ero mo- 



flH{|)HKaLi,HH Tpe6yiOT BbinojiHeHHA Li,ejioro p5ifla flonojiHHTejibHbix ycjiOBHii, cm. 
K. HaracaKH ([72], TeopeMa 3.5). YcjiOBHii :>Ke npefljio>KeHHOH TeopeMbi 12.61 xax 
npofleMOHCTpHpoBano b npHMepe 12.31 b Bbipo^KflenHOM cjiy^ae naoGopoT ynpo- 
maiOTCii, CM. TaK>Ke cooTBeTCTByiomHe cjie^CTBHa 12.11 h [ 2.21 h3 TeopeM [2^6] h 12.71 
J\jisi H3yMeHH5i cymecTBOBaHHfl b BoaMymeHHOH CHCxeMe ( 12.271) nepHOflH^ecKHx 

pemeHHH 6jIH3KHX K Bt.ipO>KfleHHbIM LI,HKJiaM nOpO^KflaiOmeH CHCTeMbl mo^kct, bo- 

o6iii,e roBop5i, HcnojibsoBaTbcsi o6iii,a5i TeopeMa PyMa-MnKOHe ([69], TeopeMa 4.1), 
HO ona paGoTaeT TOJibKO b cjiynae, Kor^a BOSMymeHHe saBHCHT ot (J)a30B0H ne- 
peMeHHoii (cm. [69], (J)opMyjia 2.7), mto He Tpe6yeTC5i b yKaaannbix yTBep>KfleHH- 
5IX nyHKTa 2.4. ^pyrne KanecTBenHbie pesyjibTaTbi o noBeflenHH nepHOflH^ecKHx 
pemeHHH B03Myn],eHHbix CHCTeM b6jih3h Bbipo^Kflennoro Hopo>KflaK)n],ero i],HKJia 

HOJiy^eHbl A. J\. MopOSOBbIM H Jl. 11. IHnjIbHHKOBblM B [36j. 

06cyflHM KpaTKO Hy6jiHKaLi,HH aBTopa ho pesyjibTaTaM HacT05in],eH rjia- 
Bbi. 06o6n],eHHbiH onepaTop ycpeflHeHH5i Hpefljio:>KeH M. H. KaMencKHM, 
O. K). MaxapeHKOBbiM h 11. HncTpn b [13]. JleMMa \2A\ o BHfle onepaTopa 



flOKaaana aBTopoM b [56|, hm >Ke b |56) npoBefleno flOKaaaTejibCTBO o6o6n],eHHOH 
4)opMyjibi MaBena (yTBep:>KfleHHe 1 TeopeMbi 12.11) , npn^eM b necKOjibKO pacmn- 
peHHOH (J)opMyjiHpoBKe, HeM flaHHoe b HacT05in],eH rjiane. /l^oKasaTejibCTBO yTBep- 
:>KfleHHii 1 TeopeMbi 12.11 fljia MacTHoro Kjiacca CHCTeM (12.481) , ho flaK)iii,ee 5iBHoe 
snaneHHe cflejiano b [26]. TeopeMa 12.31 . CB5i3aHHa5i c HpHjio:>KeHHeM o6o6iii,eH- 
Hoii 4)opMyjibi Manena k cyiii,ecTBOBaHHio HepnoflnnecKHx pemeHHH, HpeflJio»:eH- 
Haa aBTopoM, OHyGjiHKOBana b [13]. TeopeMa 12.51 h {|)opMyjia ( 12.381) jieMMbi [2~4l 
C0CTaBji5iK)m,He reoMeTpHnecKHH HOflxofl b pemennn aaflann B. K. MejibHHKOBa, 
0Hy6jiHK0BaHbi B [63]. /l^OKaaaTejibCTBO yTBep>KfleHH5i 1) jieMMbi [2^51 o cym,ecTBO- 
BaHHH HepHOflHMecKHX pemeHHH b ypaBnennn /]^y(|)(|)HHra fljiH cjiynaH necKOjibKO 
6ojiee o6m,ero ypaBnenHH cflejiano b |62) . 



FjiaBa 3 



CKOpOCTb CXO^HMOCTH nojiyMeHHbix 

T-nepno^HHecKHx pemeHHii npn 
yMeHbuiGHHH aMnjiHxy^bi B03Myii];eHHa 



KaK OTMeMajiocb bo BBefleHHH, pesyjibTaTbi o cymecTBOBaHHH T-nepHOflHMecKHx 
pemeHHH b T-nepHOflH^ecKHx CHCxeMax o6t.iKHOBeHHbix flH4)4)epeHLi,HajibHt.ix 
ypaBHeHHH 



rfle £ > - MajibiH napaMexp, ocHOBaHHbie na reoMeTpH^ecKHx MCTOflax, hc- 
nojibsyiOT Bcero jinnib HenpepbiBHOCTb 4)yHKLi,HH g (ot / mo^kct Tpe6oBaTbCii 
HenpepbiBHa5i flH{|){|)epeHLi,HpyeMOCTb) , cm., HanpHMep, [12], [15], [I6], [IE], |19) . 
[32], [37]-[39], [45], [50]-[52], [55]-[59], [64]-[67], a Tax^e pesyjibTa™ rjiaB 1 h 2. 

B HacToameft rjiaBe HsynaeTCii aafla^a, nocTaBjieHHa5i J\yK. XefijiOM h 11. T6o- 
ac B [53], o CKopocTH cxoflHMOCTH H noBefleHHH T-nepHOflHMecKHx pemeHHH 
CHCTeMbi ( 13.11) npH e ^ fljia HenpepbiBHO flH{|){J)epeHi],HpyeMOH 4)yHKH,HH 
/ : M X ^ H HenpepbiBHoii 4)yHK^HH 5/ : M x x [0, 1] ^ M". 

Oco6eHHOCTb HCCJieflOBaHHH flaHHOH SaflaHH COCTOHT B TOM, HTO BO MHornx 

cjiyMa5ix HensBecTHO, mto nopo>KflaK)n],ee T-nepnoflHMecKoe pemeHne x cncTeMbi 





X = 



f(t,x) 



(3.2) 



yflOBjreTBopaeT ycjiOBHSM HeBbipo^K^eHHOCTH to ecTb hto JTHHeapnaoBaHHafl ch- 



CTCMa 

y = fl,^{t,x{t)) (3.3) 

He HMeeT MyjibTHnjiHKaTopoB +1. Bojiee Toro, KaK cjieflyeT h3 [HI], cjiynaft, Korfla 
+1 5iBji5ieTC5i MyjibTHnjiHKaTopoM CHCTeMbi (13.31) npeflCTaBji5ieT ocoGbiii HHTepec. 

riycTb {efcjfceN ^ cxofl5iiii,a5iC5i k Hyjiio nocjieflOBaTejibHOCTb SHaMeHHii napa- 
MCTpa CHCTeMbi (13.11) H {xk}keN ^ cooTBeTCTByK)n],a5i HocjieflOBaTejibHOCTb T- 
nepHOflHMecKHx pemeHHii 9toh CHCTCMbi Taxaii, mto 

Xk{t) x{t) npH k oo, (3.4) 

rfle X - T-HepHOflHHecKoe pemenne nopo>KflaK)iii,eH CHCxeMbi (13.21) . 



3.1 0;i;Ha ajibTepnaTHBa o6iii;ero cjiynaa 

CjieflyK)iii,a5i ajibTepnaTHBa yTBep>KflaeT, hto jih6o Ha- 
MajibHbie ycjiOBH5i 3:^(0) cxofljiTca k HanajibHOMy ycjio- 
BHio x(0) nopo>KflaK)iii,ero pemeHHfl x BflOJib njiocKOCTH 
|/ G : ^Q'^3^(r, 0, a:(0)) — / = o| , jih6o cxoflHMOCTb HMeeT CKopocTb 
£k > 0. ripn 9T0M, B nocjieflneM cjiynae onHcaniie noBefleniiH pemeniiii Xk 
npn k ^ oo mo^kct 6biTb yTOHHeHO Ha ocHOBannH o6o6iii,eHHoro onepaTopa 
ycpeflHeHH5i cooTBeTCTByiomero saflane o T-nepHOflHHecKHx pemeHH5ix fljiii 
CHCTeMbi (13.11) . 



TeopeMa 3.1 nycmh eunoAHeno ycAoeue (i3.4\) u 

, T— n- I npu k ^ oo, 3.5 

||x(0)-xfc(0)|| , y J 

2de I e W^. Tosda au6o 

(n;3)(r,o,5(o))-/)/ = o, (3.6) 

Au6o cymecmeyem KOHcmanma c > maKaM, umo 

||x(0) - Xfc(0)|| < c£fc, ken. (3.7) 



B nocjiedneM CAyuae Oam a7o6ou cxodjimeucM nocAedoeameAtHocmu 

(x{0)-xk{0)\ ^ (x{0)-n{0,t,xk{t))\ 

< > nocAeooeameAhHocm'b < > maKOfce 

I J keN I } fceN 

cxodumcji, u cnpaeedAueo coonmomeHue 

(Q;3)(T.0.S(0))-/)lin. ^(°)-»<°-*---W) = 

= $^(x(0)), te[0,T]. (3.8) 

/l^OKasaTejibCTBO. Hojio^khm 

iyk{t) = n{0, t,Xk{t)). (3.9) 

Torfla, B CHjiy jieMMbi 11.11 

t 

Vk{t) = n{T, 0, z/fc(r)) + £fc y T,,(r, z/fc(r))dr, (3.10) 



rfle 

T,(t, = ^'d^, t, n{t, 0, 0)9{t, ^{t, 0, 0, £)• 

SaMCTHM, HTO x(0) = lim^^oo i^fc(O) = lim^^oo i^fc(r) h hs (13.101) npn k = oo 
nojiy^aeM 5:(0) = Q(T, 0,x(0)). IlepenHmeM (13.101) b cjieflyiomeM BHfle 

- (x(o) - z/,(t)) = (n(r,o,z/fc(i))-n(r, 0,5(0))) + 

+Q(r,o,z/,(r))-Q(r,o,z/fc(t)) + 



HJIH 



x(0)-z/,(t)) = -n[,^{T,0,x{0)){x{0)-iyk{t)) + o{x{0)-iyk{t)) 



+0 (z/fc(r) - z/fc(t)) + £fc y T,,(r, iyk{T))dT. (3.11) 



CymecTByeT flBe bo3mo:>khocth: jih6o 

\\x{0) - Xk{0)\\ 



El. 



OO npH k ^ oo, (3.12) 



jih6o cymecTByeT c > xaKoe, mto 

\\x{0) - Xk{0)\ 

B cjiy^ae ( 13.121) HMeeM 



< c npH A: G N. (3.13) 



||x(0)-xfc(0)|| 

rioSTOMy, yHHTbIBa5I, MTO 

T 



^ npH A; G N. 



i^k{T) - Vk{t) = £kj Te,(r, iyk{r))dT, (3.14) 



t 



BnpaBe nepeiiTH k npe^ejiy npn /c^ooh^ = Ob (13.111) . flejieHHOM Ha 
||5:(0) — a:fc(0)|| , h nojiyMHTb 



(Q;3)(r,o,x(o))-/)/ = o. 



TaKHM o6pa30M, b cjiynae (13.121) BbinojiHeno yxBep^KfleHHe (13.61) TeopeMbi 13. 11 a 
B npoTHBHOM cjiy^ae - yTBepjKflenHe (13.131) . Sna^HT ajiBTepnaTHBa TeopeMbi 13.1 
cnpaBefljiHBa 

fx(0)-xfc(0)^ 



[ x(0)-xfe(0) | 

llpeflnojio>KHM Tenepb, mto nocjreflOBaTejibHOCTb < > cxoflHT- 



C5I. Tax KaK 

x{0) - Vk{t) x(0) - Xfc(O) + z/fc(0) - Vk{t) 



fceN 



^(O)-Xfc(O) /■ 



T(r,z/fc(r))(ir, (3.15) 







f x(0)-n(0,t,xfc(t)) \ 
TO nocjieflOBaTejibHOCTb < > TaK>Ke cxoahtch. llojiara^ 

y ) ken 

x(0) - Q(0,i,xfc(t)) , ^ 

/i(i) = iim H y^HTbiBaa (popMyjiy ( 13.141 ). nepeftfleM k npe- 

k^oo £k 

flejiy B (13.111) . flejieHHOM na £k, b pesyjibTaTe nojiy^HM 

T 

-h{t) = -Q[,^{T,0,^0))h{t) + n[,^{T,(),x{())) J T{r,x{0))dr+ 



+ J T(r, x{0))dT, 



MTO B CHjiy jieMMt.1 12.11 osHanaeT ( 13.8 



TeopeMa flOKasana nojiHOCTbio. 

B cjiy^ae, Korfla nopo>Kflaioiii,a5i cncTeMa ( 13.21) asTOHOMHa, T- 
nepHOflHHecKHx pemeHHfi BoaMymeHHOH CHCTeMbi 

X = f{x) + £g{t, X, e) (3.16) 



nojiy^aeM cjieflyiomee cjieflCTBHe h3 TeopeMbi 13.1 



Cjie/i,CTBHe 3.1 Uycmh eunoAHeno ycAoeue l[3.4\) u %uka x siGASiemcfi npo 



cmuM. Tlycmh eunoAHeno ycAoeue jiS. 51 ) u I - eenmop, o KomopoM zoeopumcsi 
6 smoM ycAoeuu. Tozda, au6o I = A5:(0), zde A 7^ 0, au6o cymecmeyem koh- 
cmaHma c > maKaM,, umo 

\\x{t) - Xk{t)\\ < c£k, /c e N. (3.17) 

B cjieflyiomeM nynKxe rjiaBbi npefljiaraeTC5i OLi,eHKa fljia paccTOHHHH uemffy 
TpaeKTopH5iMH pemeHHH Xk h x, ho npH 9tom flonojiHHTejibHO npeflnojiaraeTC5i, 

MTO LI,HKJI X npOCTOH. 



3.2 OD;eHKa CKopocTH cxo^hmocth ^jia cjiynaa, Kor^a npe- 
^ejibHoe T-nepHO^HMGCKoe pemeHne aBjiaexca npo- 
CTbiM ii;hkjiom 

B HacTOflmeM nynKxe npeflnojiaraeTca, mto li,hkji x 5iBji5ieTC5i npocTbiM. B cfle- 
jiaHHOM npeflnojio^KeHHH conp5i>KeHHa5i cncTeMa 

z=-if'ixit))rz (3.18) 

flonycKaeT n — 1 jiHHeiiHO-HesaBHCHMbix He T-nepnoflKMecKHx pemeHHii 
Zi, Z2, Zn-i, npHHCM yKasaHHBie pemeHHa Bcer^a MoryT Gbitb Bbi6paHt>i Tax 



MTO (cm. [29], 4)opMyjia 2.13) 



x{0),z^{0)J = 0, teR,iel,n-l. (3.19) 
riycTb Zji_i(t) - n X n — l-MaTpHLi,a saflasaeMaH (J)opMyjioH Z„_i(t) = 

{Zi{t), Z2{t), Zn-l{t)). BBeflCM ^JRKI^IK) : M ^ KaK 



s 

M^(s)= y Z;_i(r)^(r,J(r),0)(ir. 



s-r 

HMeeT MecTO cjieflyromnft peayjibxaT. 



TeopeMa 3.2 Ilycmh eunoAHeno ycAoeue ^3.4\ )- Tozda Bam a7o6o20 9 £ [0,r] 
UMeeM 

K-M i^k{0 - \^{e)) - x{e)) = EkDM^{6) + o(£fc), (3.20) 

zde D - HeeupocHcdeHHaM (n — 1) x (n — 1)-Mampu'na u ^ek{^) ~^ npw /c ^ 
oo paenoMepHO no oniHomeHuw k 9 E [0, T]. BoAee mozo, Xk{0 — As^(9)) £ 
I{e,B'^-\0)), e e [0,r], 2(^e I{0,-) M"-^ ^ - ^AadKa^ noeepxHocmt, 
mpaHceepcaAhHO nepeceKamw^a^ v,uka x e mouKe x{9). 



J\ji^ flOKasaTejibCTBa TeopeMbi 13.21 onpe^ejiHM. BO-nepBbix, 4)yHKLi,HK) /\sk{(^); 



noBepxHOCTb /(^, •) h ycTanoBHM neKOTopbie hx CBoftcTBa. 

06o3HaMHM nepes Yn-i{t) = {yi{t), ...^yn~i{t)) nepBbie n—1 ctoji6li,ob MaT- 
pHLi,bi ((Z„_i(t), z(t))^^)* , rfle J - T-nepHOflHHecKoe pemenHe CHCTeMbi (13.181 ). 
yflOBjieTBopHiomee 

(x{t),z{t)^ = 1, ^gM. (3.21) 
IlocjieflHHH Bbi6op B03M0>KeH (cM. |29) . 4)opMyjia 2.13). 

JleMMa 3.1 UpednoAOQfcuM Ii3.19\) u Ii3.21\) . Tozda 

1) {{Zn-i{t),z{t)y^y = (K_i(t),5?(t)) , teR; 

2) AH)6asi (fjyuK'nuM U3 {yi, we T -nepuoduuna; 

3) Z:_,{t) = DZ:_,{t + T), teR, 

sde D - nocmoMfHHaH (n — 1) x (n — 1)-Ma'mpmi,a, co6cnieeHHMe ananeHUH 
Komopou omAUHHU om +1. 



^OKasaTejibCTBO. Tax Kax ^(t))"^)* - 4)yHflaMeHTajibHa5i MaTpn- 

Li,a T-nepHOflHHecKOH jiHHeiiHOH cncTeMbi y = f'(^{t))y (cm. [H], Fji. Ill, jieM- 
Ma § 12), TO, nojibsy^cb TeopHeft Ojiokc, bo3mo>kho aanHcaxb cjieflyiomyio 4)op- 
Myjiy (cm. [H], Fji. Ill, §15] 



e"^* 

{{Z^.i{t),z{t))-'y = ^t) \ ^ ^\S, tern, (3.22) 

rfle $(t) - T-nepHOflHHecKafl n x n MaTpHLi,a Ojiokc, A - (n — 1) x (n — 1) 
HeBbipo>KfleHHa5i MaTpHLi,a h jS - noflxofl5iiii,a5i neBbipo^KfleHHafl n x n-MaTpHLi,a. 
B CHjiy ( 13.191) H (13.211) nocjieflHHfi CTOjiGeu, MaTpHLi,bi ((Z„_i(^), z(t))^^)* - 
9T0 x(t), i G M. Ha 9Toro yTBep^KflenHH cjieflyex, mto 5* hmcct bh^ 5* = 

Sn-i, I " I I , rfle .S^-i - n X (n — l)-MaTpHLi,a h Sq 7^ 0. Ha 9Toro 

■so J J 

Mbl MO^KCM SaKJIIOMHTb, MTO MaTpHLI,a iS^-l HC COflCp^KHT JIHHeHHO-SaBHCHMblX 
/ 0„_ixl I ^ ^ 

c I I ctojioli,ob. UjieflOBaTejibHO, no KpanHeii Mepe oflHa He n-51 kom- 

\ J 

noHCHTa jiK)6oro CT0ji6Li,a Sji-i sBjiiieTCfl HeHyjieBoii, hto, ohcbhaho, saBepmaeT 

flOKaSaTejIbCTBO BTOpOrO yTBep>KfleHH5I JICMMbl. 

J^Ji^i flOKaaaxejibCTBa TpcTbero yTBep>KfleHH5i jrcMMbi saMCTHM, mto (j^opMyjia 
(13.221) no3BOji5ieT yTBep>KflaTb, hto 



1 

= S{{Zn-i{t),z{t))-')\ teR. 
Ho H3 nocjieflHCH 4)opMyjibi cjie^yeT, mto 

rfle Mepes (S^-ilj^n-i oGosHaMena MaTpHLi,a, cocTaBjieHHaa h3 nepBbix n—l cxpoK 
MaTpHLi,bi Sn-i- TaKHM o6pa30M, flji5i 3aBepmeHH5i flOKasaTCjibCTBa TpcTbero 
yTBep:»;fleHH5i flOCTaTOHHO nojio:>KHTb 

D '■= (S'„_iL„-i) e^'^S'^_i| 



5((z„_i(^ + r),z(t + r))-y = 



Pn-l 5 



npH 3T0M 06paiII,eHHe MaTpHLI,bI *S'„_i|]jj„_i B03M0>KH0 B CHJiy 06paTHM0CTH MaT- 

pHLi,bi S H ycTaHOBjieHHoro Bbime ee BHfla. 
JleMMa flOKaaana. 

OnpeflejiHM HenpepbiBHO flH4)4)epeHLi,HpyeMbie 4)yHKLi,HH h, I : W x 



KaK 



h{e,r) = x{e)+Yn-i{e)r 
/(^,r) = Q(r,0,M^,r)), 
rfle Q. - onepaTop CflBHra no TpaeKTopH5iM CHCTeMbi ( IS.llj . 

JleMMa 3.2 npednoAooKUM ( TCTI ) u fMH). Tosda x{e) ^ /;(^,0)M"-i npu 
KacHcdoM 6 E [0, T]. 

^OKasaTejibCTBO. npeflnojio»cHM npoTHBHoe, Torfla cymecTByex r G 
r 7^ TaKoe, hto x{6) = /^(^, 0)r. HivreeM 

= /;(^, o)r = Q;3)(r, 0, h{e, o))Yn-i{e)r = Yn-i{e + r)r, 
5^(^-r) = y„_i(^)r. 

Ho x(^) = x(9 — r), H nojiynaeM npoTHBopenne c yxBep^KfleHHeM jieMMbi [3?T 



JleMMa flOKasana. 

CjieflCTBHe 3.2 IIpednojiootcuM, umo T > HauMeHtmuu nepuod %UKAa x. 
Tozda cymecmeyem tq > maKoe, nmo 

/(^,5,„(o))nx([o,T]) = {x(^)}. 

CjieflCTBHe 3.3 UpednoAoofcuM, nmo T > HauMeuhmuu nepuod u^uKAa x. 
Tosda cymecmeyem ko > maKoe, nmo 

I {9, Br{o)) n X,, ([0, T]) = {xs,{e - A,,{e))} , k>ko, 

zde Aej, : M ^ M - HenpepuenaA (jjyHKV^UM maKan, nmo Ae^,(^) npu k ^ oo 
paenoMepHO no omnomeHUK) k ^ £ M. 



^OKasaTejibCTBO TeopeMbi 13. 2L CflejiaeM b CHCTeivie (13. 11) saMeny nepeMen- 
Hbix Vkit: 0) = Q(0, Xk{t — ^Ski^) + rfle Ae^(^) - MHCjia, o KOTopbix roBO- 

PHTC5I B CJie^CTBHH 13.31 SaMCTHM, MTO Xk{t — Ag^^^ (^) + ^) = 0, ^)) H, 

TaKHM o6pa30M, 

- A,,(^) + ^) = 0, Ukit, e)) + 0, (3.23) 

C flpyroH CTopoHbi, h3 ( 13.11) HMeeM 

xk{t - A.M + 0) = 
= f{n{t, 0, iyk{t, 9))) + £kg{t - AeM + 6, n{t, 0, utit, 9)), £k). (3.24) 
Ha <Km H (EJD cjieflyeT, mto 

(z/fc);(i, ^) = (Q^(i, 0, vk{t, e))y' g{t - + ^, ^(^, o, ukit, ^)), £,), 

H TaK KaK 

z/fc(0, ^) = x,(-A,,(^) + ^) = Xk{T - A,,{e) + 9) = n{T, 0, UkiT, 9)), 
OKOHHaTejibHO nojiynaeM 

t 

iyk{t,9) = n{T,0,iyk{T,9)) + Ek J (Q^(r, 0, z/,(r, ^)))"' o 



o g{T - A,,{9) + 9, Q(r, 0, z/fc(r, ^)), £fc)(ir. (3.25) 
TaK KaK iyk{t, 9) x{9) npn k ^ oo MO>KeM sanncaTb Vk{t^ 9) b BH^e 

vk{t,9) = x{9) + £k^k{t,9). (3.26) 

J\oKdJKQM Tenepb, mto (J)yHKLi,HH Ilk paBHOMepHO orpaHHMeHHbi no OTHomeHHio k 
/c G N. J\ji^ 9Toro, BO-nepBbix, BbinTCM x{9) W3 o6eHx nacTeii (13.251) . nojiynnB 

£klik{t,9) = £k^'^{T,0,x{9))iik{T,9) + o{£kf^k{T,9)) + 

t 

+ek J (Qj(r,0,z/,(r,^)))-'^(r-A,,(^) + 



+9,n(r,0,ukir,9)),£k)dr. (3.27) 



Tax KaK Xk{—^ek{^) + E I (9, ^(0)) , to no onpeflejieHHio / cymecTByeT 



rk{0) e 5" ^(0) TaKoe, mto 



xki-A,,ie) + 6) = n{T, 0, hie, r,(^))), (3.28) 

npHHCM Ha ocHOBaHHH ( 13.41 ) HMeeM 

rk{9) -^0 npH 00. (3.29) 
riojibsyHCt. paBencTBOM ( 13.281) . nojiynaeM cjieflyiomee npeflCTaBjreHHe fljia Skf^k 

£k^^k{T,e) = iyk{T,e)-x{e) = n{o,T,Xk{-A,,{e) + o))-x{e) = 

= Q(0, T, Q(r, 0, rfc(^)))) - x{e) = 

= h{e,rk{e)) -x{e) = Yr,^i{e)rk{e). 

CjieflOBaTejibHO, (^opuyjia ( 13.271) npn t = T moxqt 6biTb nepenncaHa xax 
Yn-i{e)rk{e) = Yn-i{T + e)rk{e) + o(l^,_i(^)r,(^)) + 

T 

y (Q^(r,0,z/,(r,^)))"'^(r-A,,(^) + 



+^,Q(r,0,z/fc(r,^)),£fc)(ir. (3.30) 
Ha ocHOBaHHH ( 13.301) ceiinac 6yfleT ycTaHOBjieno cymecTBOBaHne TaKoro c > 0, 

HTO 

||rfc(^)|| < £fcc, A; G N, ^ G [0,r]. (3.31) 

ripeflnojiojKHM npoTHBHoe, Tor^a mojkcm cnnTaTb, mto {^/tjfceN C [0, T], ^ 

npH k (X), - TaKaa nocjieflOBaTejibHOCTb, hto ||rfc(^fc)|| = SkCk-, rfle C/t ^ (X) 

''"fc(^fc) 

npn k ^ oo. IIojio^khm qk = — , Tor^a h3 ( 13.301) HMeeM 

+- f {n'^{T,o,i^k{r,ek))y'g{T-eo + A,,{ek) + 

C-k J 


+euMT,Q,Vk{T,ek)),ek)dT. (3.32) 



Be3 orpaHHMeHHH o6iii,hocth MO>KeM CMHTaTb, mto nocjieflOBaTejibHOCTb {^fcjfcGN 
cxoflHTC5i, nojio>KHM qq = linifc^oo ^fc, Torfla \\qo\\ = 1. C flpyroft CTopoHbi, h3 
( 13.321) HMeeM ^^-1(^0)^0 = Yn-i{T + 0o)qo, to ecTb npHxoflHM k npoTHBope^Hio c 
yTBep:«;fleHHeM 2 jieMMbi [3Jl . TaKHM oGpasoM, (13.311) BbinojiHeHO fljia HeKOToporo 



c > H 4)yHKLi,HH Ilk paBHOMepno orpaHHMeHHbi no OTHomenHio k /c G N. Hs 
(13.261) TaK>Ke saKjiionaeM 

Xk{t - +9)- x{t ^9)= £kiik{t, 9). (3.33) 

CjieflOBaTejiBHo, Xk{9 — Ae^,(^)) x{9) co CKopocTbio £k > 0. 



J^Jisi saBepmeHHH flOKaaaxejibCTBa TeopeMbi 13.21 ocxaeTca ycTanoBHTb (13.201) . ^jih 
9Toro BBeflCM HOBbie 4)yHKLi,HH afc:MxM^MH6/fc:MxM^ M"^^ corjiacHO 
cjieflyiomHM 4)opMyjiaM 

ak{t,9) = r{t^9),2k{t,9), 

bk{t,e) = z:^,{t + 9)iik{t,9). (3.34) 

riojibsyacb yTBep>KfleHHeM 1 jieMMbi [3J1 , Mo:>KeM npeflCTaBHTb Xk{t — Air^(9) + 
9) — x{t + 9) B BHfle 

Xk{t-AsM + d)-^t + 0) = 

= £kx{t + 9)ak{t, 9) + £kYn-i{t + 9)hk{t, 9). (3.35) 

BbiHHTafl (13.21) . rfle a:(t) aaMeneHO (|)yHKi],HeH x{t+9)^ h3 (13.11) . r^e x{t) saMeneHO 
(|)yHKi],HeH a;fc(t — Ai.^,{9) + ^), nojiy^aeM 

i:fc(t-A,,(^) + ^)-5?(t + ^) = 

= f\x{t + ^))(x,(t - A,,{9) + 9)- x{t + ^))+ 



+ £kg{t - A,,{9) + 9, xk{t - A,,{9) + 9), £k) + ot(£fc), 



(3.36) 



rfle 4)yHKLi,H5i Ot{-) HMeex Te me CBoftcTBa, mto h 4)yHKLi,H5i o(-), BBefleHHaH panee, 
6ojiee Toro dt+ri') = Ot{-) flJi5i jiK)6oro i £ M. IloflCTaBjifiii ( 13.351) b ( 13.361) h 
y^HTbiBaH, MTO 



f'{x{t + + e) = £kYn-i{t + ^)6fc(t, 0), 

nojiy^aeM 

+ ^)(afc);(^, e) + + e) = 

= ^(t - A,,(^) + e, Xkit - /\eM + 0), £k) + Ot{£k). 

Hs npeflbiflymero paBencTBa HMeeM 

= £kZn-l{t + 6)g{t - A,^{e) + ^, Xk{t - A,,{e) + + Zn-l{t + ^)0t(£fc) 

H, cjieflOBaTejiBHO, 



bk{0.e) = bk{-T,0) + J Z:_i(r + %(r-A,,(^)+ 

-T 

+ ^, x,(r - A,,(^) + e),£k)dT + (3.37) 



Hs ( 13.371) H yTBepjKfleHHil 3 jieMMbi 13.11 nojiy^aeM 





bk{0,e) = (I-D)-' J z:_,{T + e)g{r-A,,{e) + 

-T 

+0, Xk{r - A,,{e) + 6), ek)dr + ^ 

HjiH, BB0fl5i saMCHy nepeMeHHbix r + ^ = s b HHTerpajie, 

e 

bkM = {I-b)-' f Z:_,g{s,Xk{s),ek)dr+''^''^ 



0-T 



C flpyroH CTopoHbi, h3 (13 .SSI) HMeeM 

{z,{t + e), xk{t - Ae,{e) + 6)- x{t + e)) = eM^. o) 

H, TaKHM o6pa30M, fljia 3aBepmeHH5i flOKaaaTejibCTBa flocTaTOMHO nojio:>KHTb 
D:= {I-D)-K 
TeopeMa flOKasana. 

PaccMOTpHM Tenepb HeKOTopbie npHjio>KeHH5i (J)opMyjibi (13.201) k onncaHHio 
noBefleHHH pemeHHii Xfc, Korfla k ^ cx). Hmme Z(a, b) - yroji Me^Kfly seKTopaMH 
a,b ^ M"^, npHHafljie:>Kaiii,HH OTpesxy [0, tt]. 

Cjie/i,CTBHe 3.4 Ilycmh eunoAHenu ece npednoAoofcenuM meopeMU Tozda 
Bam a7o6ux i G l,n — 1 u 6 G [0,r] maKux, nmo M^iO) ^ 0, cymecmeyem 
j G 1, n — 1, npu KomopoM 

cos z {z,{e), xk{e - ^sM) - ^{0)) 7^ 

dAJi docmamoHHo 6oAhmux A; G N. 

/l^OKasaTejibCTBO cjieflCTBHH BbiTexaeT hs {j^opMyjibi 

\\z,{e)\\ ■ \\xk{e - A,M) - m\\ ■ cosZ{z,{e),xk{e - a,m) - x{e)) = 

= [EkDM^{e)X + o{Ek)^ (3.38) 
nojiyMaeMoii noflCTaHOBKoft Bbipa>KeHH5i 

{z,{e),Xk{e-AeM)-^{0)) = 
= \\z,{e)\\ ■ \\xk{e - AeM) - ■ cosZ{z,{e), xk{e - a,M) - ^o)) 

B rjiaBHyio 4)opMyjiy (13.201) . /i^eHCTBHTejibHO, ecjin M^{6) ^ 0, to cymecTByeT 
J G l,n - 1 TaKoe, mto [DM^{e)\' 7^ 0. 

CjieflyiomHii peayjibTaT flBji5ieTC5i HenocpeflCTBenHbiM cjieflCTBHeM 4)opMyjTbi 
(j338D. 



Cjie/i;cTBHe 3.5 Uycmt eunoAHenu ece npednoAoatcenuM meopeMU \3.S{ Ecau 
cymecmeyem no Kpauneu Mepe odno G l,n — 1 maKoe, nmo M^{9) 7^ 0, mo 

Cl£k < \\Xk{0 - Ae^{6)) - x{e)\\ < C2£k 

Oam HeKomopux < ci < C2, ak)6ux ^ G [0, T] w /c > /cq, zde /cq G N docmamou- 

HO eCAUKO. 

YMHTbiBafl cjieflCTBHe 13.31 . MO>KeM nojiy^HTb xenept cjieflyromnft 4)aKT. 
CjieflCTBHe 3.6 Ilycmb eunoAHenu ece npednoAoofcefiuji meopeMU \3.^ Ecau 



cyt^ecmeyem no Kpauneu Mepe odno G l,n — 1 maKoe, nmo M^(9) 7^ 0, mo 

Xk{t) 7^ x{0) Bam, aio6ux t^O G [0, T] 
npu ycAoeuu, nmo /c G N docmamonno gcauko. 

^OKaSaTejIbCTBO. IlyCTb /Cq > - to, O KOTOpOM rOBOpHTC5I B CJieflCTBHH l3.5l . H 

npeflnojio>KHM, mto cymecTByioT e^^, > ko, 9^,t^ G [0, T\ TaKHe, mto Xk^{t^) = 
x{9^). Ho corjiacHO cjie^CTBHio 13.31 flOji:>KHO 6biTb = Xk^{0^ — A£^,^(^=^)), npo- 



THBope^a yTBep>KfleHHK) cjie^CTBHa 13.5 . 
CjieflCTBHe flOKaaano. 

J\ji5i Toro, MTo6bi nojiyMHTb Tenepb flocTaTOMHbie ycjiOBH5i, o6ecneMHBaK)iii,He 
cxoflHMOCTb CO CKopocTbio Gojibineft, MCM £k > 0, HaM Heo6xoflHM cjieflyiomHii 
BcnoMoraTejibHbiH pesyjibxaT. 

JleMMa 3.3 Uycmt /cq G N docmamouHO ecAUKO. Tozda Oam aki6ux k > ko u 
6 G [0, T], ydoGAemeopniom^ux ycAoeum 

xkie-A,,{e))^x{e), 



cymecmeyem G l,n — 1 maKoe, nmo 

\cos Z{z,M.^k{0 - AsM) - > 
2de > He aaeucum om k u 6. 



^OKasaTejibCTBO. ripeflnojiojKHM npoTHBHoe, Torfla mo^kcm CMHTaTb, mto no- 
cjieflOBaTejibHOCTH {efcjfceN, {Ok}keN C [0, T], 6k Oq npn /c ^ oo, {ak}keN C 
[—1, 1], Qffc ^ npH A; ^ oo, {rfcjfc^p^ C (0, 1], ^ npn k ^ oo TaKOBbi, mto 



cos Z (z^(^), /(^fc, rfc) - /(^fc, 0)) = ttfc, ^ G 1, n - 1, 

HJIH paBHOCHJIBHO 

{z,{ek),i{ek,rk)-i{ek,o)) 



no3TOMy 



|2,(^,)||-||/(^,,rfc)-/(^,,0)| 



= ttfc, z G l,n - 1, 



a/j, z G 1, n — 1. (3.39) 



Bes orpaHHHeHHH o6iii,hocth mo^kcm CMHTaxb, mto cxoahtch npn k ^ oo. 
riojiojKHM qo = limfc^oo Tor^a ||go|| = 1- Hepexoflii k npeflejiy npn k ^ cx) 
B ( 13.391) . nojiy^aeM 



[zi{9o), Il{Oo, 0)qo) = fljia jiK)6bix z G 1, n — 1. (3.40) 
Pa3Jio>KHM I'^(9o^O)qo cjieflyiomHM oGpasoM 

Ki^o, 0)go = yi{Oo)a' + ... + 2/,-i(^o)a""' + 5?(^)a". 
Hs (13.401) HMeeM, hto = ... = a"^^ = h, TaKHM o6pa30M, /^(^, 0)^0 = cl^x(9), 



npoTHBope^a yTBep>KfleHHK) jieMMbi 13.2 
JleMMa flOKaaana. 



CyMMHpy5i TeopeMy 13.21 h jieMMy 13.31 nojiynaeM yTBep^KfleHne. 



CjieflCTBHe 3.7 Tlycmh eunoAHenu ece npednoAoofcenuM meopeMulKE- Hped- 
noAocHcuM, nmo M^{9) = Bam ak>6o2o ? G 0,n — 1. Tozda 

\\Xk{e - -'^{0)\\= 0{Ek). 



^OKasaTejibCTBO. ripeflnojiojKHM npoTHBHoe, Torfla mo^kcm CMHTaTb, mto no- 
cjieflOBaTejibHOCTH {efcjfceN, {^fcjfceN C [0, T], 9k Oq npn k —> oo n > 



TaKOBbl, MTO 



> c,. (3.41) 
Ha ( 13.411 ) HMeeM, mto npeflnojiojKeHHH jieMMbi 13.31 yflOBjieTBopent.!, nycTb G 



1, n — 1 - TO MHCJIO, O KOTOpOM rOBOpHTC5I B 3T0H JICMMe. Ho ( 13. 411) npOTHBOpe^HT 

cooTHomeHHio ( 13.381) . Korfla i := i^, mto saBepmaeT flOKaaaTejibCTBO Tpe6yeMoro 
yTBepjKfleHHH. 

CjieflCTBHe flOKasaHO. 

CjreflCTBHi? 13.41 h 13.71 no3BOJi5iiOT c4)opMyjiHpoBaTb cjieflyiomyio ajiBTepnaTH- 

By- 

CjieflCTBHe 3.8 nycuih eunoAHenu see npednoAODtcenuM meopeMu lS.Si Uoao- 



DfcuM 9^ G [0, T]. To^da au6o cymecmeyem ^ l^n — 1 manoe, nmo 

dAM, docmamoHHO 6oA'bmux /c G N, au6o 

\\xk{9^ - Ae^{9^)) - x{9^)\\ = 0{£k). 

3.3 ConocTaBjieHHe nojiyneHnbix pesyjibxaTOB c HMeiomH- 
MHca B jiHTepaxype 

B cjiy^ae, Kor^a flonojiHHTejiBHO HSBecTHO, mto 4)yHKLi,H5i g nenpepbiBHO flHcJ)- 
4)epeHLi,HpyeMa h jiHHeapH30BaHHa5i cncTeMa ( 13.31) He HMeeT eflHHHHHbix Myjib- 

THnjIHKaTOpOB, CXOflHMOCTb B ( 13.41) CO CKOpOCTbK) Efc > CJieflyCT H3 (|)OpMyjlbI 

pa3jio>KeHH5i pemeHHH Xk b p5ifl no CTeneH5iM e^, flabaeMoii mctoaom Majioro na- 
paMCTpa riyaHKape (cm. B. B. J^eump^oBmH [H], Fji. HI, § 24, M. Po30 [H], Fji. 9, 

§ 1). ECJIH OTHOCHTCJIbHO CHCTCMbl ( 13.31) H3BeCTH0 CyiII,eCTBOBaHHe MyjIbTHnjIH- 

KaTopa +1 ajire6paHHecK0H KpaTHOCTH 1, to cxoflHMOCTb b ( 13.41) co CKopocTbio 



Efc > fljifl cjiy^afl anajiHTHMecKHx h flBa>Kflt.i nenpepbiBHO flH(|)4)epeHLi,Hpye- 
Mbix npasbix MacTCH cncTeMbi (13.11) flOKaaaHa cooTBeTCTBeHHO H. F. MajiKHHbiM 
(cm. [29|, 4)opMyjia 4.1) h B. C. JlyflOM (cm. [60], 4)opMyjia 1.3 TeopeMbi 1). 
OflHaKO B paGoTax yKasaHHbix aBTopoB He OTMenajicsi ycTaHOBjieHHbm b rjiaBe 

(|)aKT (cjieflCTBHe 3.8) O TOM, MTO CKOpOCTb CXOflHMOCTH MO»:eT HMCTb H 60JIb- 

niHH, MCM £k > nopflflOK. TaK>Ke b KjiaccH^ecKHx pa6oTax ne yKaaanbi cbohctbo 
(13.81) H cjieflCTBH5i 3.4-3.6, CBsisaHHbie c KaMecTBeHHbiMH CBoiicTBaMH noBefleHH5i 
T-nepHOflHMecKHx pemenHft CHCxeMbi (13.11) npn £ ^ 0. Ecjih me BoaMymeHHe 
Bcero jiHinb HenpepbiBHO, mto 5iBji5ieTC5i o6iii,hm npeflnojio^KeHneM TeopeM o cy- 
n],ecTBOBaHHH, flOKasannbix b[I2],[I5],[I6],[I8],[I9],[32], [37]-[39], [15], [5n]-[52], 
[55]- [59], [64]- [67], a TaK>Ke yTBep>KfleHHH rjiaB 1 h 2, to peayjibTaxbi o CKopocTH 
cxoflHMOCTH T-nepHOflHMecKHx pemeHHii CHCTCMbi (13.11) npn £ ^ b jiHTepaType 
OTcyTCTByioT. npefljio>KeHHbie b HacTOflmeft rjiaBe TeopeMbi ^acTHMHO aanojiHH- 
lOT 9T0T npo6eji. 

TeopeMa 13.11 onyGjiHKOBaHa aBTopoM b [25] , r^e TaK:>Ke npoBe^eHO ee floxasa- 

TeJIbCTBO flJT5I t = T. 
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